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Abstract. In a companion to this paper, we introduced the class of n-tuples / = (/i, ...,/„) of formal 
power series in noncommutative indeterminates Z\ , . . . , Z n with the model property and developed an 
operator model theory for pure n-tuples of operators in noncommutative domains Mf(H) C B(H) n , 
where the associated universal model is an n-tuple (Mz t , ■ ■ ■ , Mz n ) of multiplication operators on a 
Hilbert space H 2 (/) of formal powers series. 
Q • In the present paper, several results concerning the noncommutative multivariablc operator theory 

1^ ' on the unit ball [B(H) n ]^ are extended to noncommutative varieties Vf jCH) C Mf(H) defined by 

Q- Vf,j(H) := {(Ti,...,T„) <=V f (H) : j/>(2i, . . . ,T„) = for any V 6 J} , 

for an appropriate evaluation ip(T%, ... ,T n ), and associated with n-tuples / with the model property and 
WOT-closed two-sided ideals J of the Hardy algebra H°°(Bf), the WOT-closure of all noncommutative 
polynomials in M%, , . . . , Mz n and the identity. We develop an operator model theory and dilation 
' theory for Vf t j(H), where the associated universal model is an n-tuple (Si, . . . , B n ) of operators acting 

rj^ on a Hilbert space Aff,j of formal power series. We study the representations of the algebras generated 

by Bi,.. . ,B n and the identity: the variety algebra A(Vf : j), the Hardy algebra H°°(Vf j)), and the 
^3 ' C*-algebra C*(Bi, . . . , B n ). A constrained characteristic function 0f ^j, associated with each n-tuple 

X £ Vf t j(H), is used to provide an operator model for the class of completely non-coisometric (c.n.c) 
elements in the noncommutative variety Vf j(H). As a consequence, we show that Qr x J ' s a complete 
unitary invariant for the c.n.c. part of Vf : j(H). A Beurling type theorem characterizing the joint 
invariant subspaces under B\, . . . , B n and a commutant lifting for pure n-tuples of operators in V/ j('H) 
is also provided. In particular, when J is the WOT-closed two-sided ideal generated by the commutators 
MziMzj — Mz :j Mz i , i,j 6 {1, • ■ ■ , n}, we obtain commutative versions for all the results. 

For special classes of n-tuples of formal power series / = (/i, . . . , f n ) and J = {0}, we obtain several 
results regarding the dilation and model theory for the noncommutative domain Mf("H) or the c.n.c. 
part of it. 



Introduction 



This paper is a continuation of [57] in our attempt to to transfer the free analogue of Nagy-Foia§ theory 

(see EH], i, 0, ED], [15, EU, E3, EH, EE M, HE EH], EE HE EE EE [2E 123, Q, 0, S) 

from the closed unit ball 

[B(H) n ]i := {(Xi, . . . , X n ) g 5(H)" : XrX x * + • • • + X n x; < 7} 

to other noncommutative domains in B(H) n , where B(H) is the algebra of bounded linear operators 
an a Hilbert space H. More precisely, we want to find large classes Q of free holomorphic functions 
g : £1 C [B(H) n ]i —> B(T~L) n for which a reasonable operator model theory and dilation theory can be 
developed for the noncommutative domain g(0,). 

Section 1 contains some preliminaries on the class M. of n-tuples of formal power series / = (f±, . . . , f n ) 
with the model property. An n-tuple / has the model property if it is either one of the following: an 
n-tuple of polynomials with property (A), an n-tuple of formal power series with /(0) = and property 
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(S), or an n-tuple of free holomorphic functions with property (J 7 ). We associate with each / E M. a 
Hilbert space H 2 (/) of formal power series and the noncommutative domain 

m f (U) := {X = (X u ...,X n )G B(H) n : g(f(X)) = X and ||/(X)|| < 1}, 

where g — (gi, . . . , g n ) is the inverse of / with respect to the composition of power series, and the 
evaluations are well-defined. 

The characteristic function of an n-tuple T — (Ti, . . . ,T n ) in the noncommutative domain B/(%) is 
the operator 0/.t : H 2 (/) ® £>/,t* - ► KI 2 (/) ® 2?/,t having the formal Fourier representation 

-4p(/) ® /(T) + (4p (/) ® A /fT ) ^b?(/)®« - ^ A, /i(T)*J 

[Ai ® /«,..., K®Iu] (%>(/) ®A/, r .) , 

where Aj, . . . , A„ are the right multiplication operators by the power series /j on the Hardy space H 2 (/) 
and A^t, Ay^* are certain defect operators, while f/,r, Dpt* are the corresponding defect spaces 
associated with T G !>/(%). We remark that the characteristic function is a contractive multi- analytic 
operator with respect to the universal model (Mz t , ■ • ■ , Mz n ) associated with the noncommutative domain 
B f . 

In Section 2, we present operator models for completely non-coisometric (c.n.c.) n-tuples of operators 
T := (Ti, . . . , T„) in noncommutative domains B/(%), generated by by an n-tuples of formal power series 
/ = (/l) ■ • ■ i fn) °f class A4 b , in which the characteristic function 0/,t occurs explicitly. More precisely, 
we show that T := (Ti, . . . , T„) is unitarily equivalent to a c.n.c. n-tuple T := (Ti, . . . , T„) of operators 
in IB/ (H) on the Hilbert space 

H := [(H 2 (/) ® D/, T )e A e/ , r (H 2 (/)«.P /iTt )] {e /iT z 8 A Q/ , r x : x G H 2 (/) ® V f>T ,}, 

where Aq^, t := (I — ^O/^) 1 ^ 2 and the operator is defined by 

T*[x® A e/iT tf] := ®J D/iT )x©D i *(A e/iT tf), i = l,...,n, 

for a; G H 2 (/) <g> P/, r , y G H 2 (/) ® 2?/, T -, where D{(A@ f T y) := Ae f T (M Zi ® Iv f<T *)y. Moreover, T is 
a pure n-tuple of operators in By('H) if and only if the characteristic function 6/,t is an isometry. In 
this case, the model reduces to 

H=(i 2 (/)®%)ee / , T (tf(/)®%.), T*x = {M* z .®I VhT )x, xeH. 

This result is used to show that the characteristic function is a complete unitary invariant for the c.n.c. 
n-tuples of operators in Mf(7i). We also show that any contractive multi-analytic operator with respect 
to Mz ± , . . . , Mz n generates a c.n.c. n-tuple of operators in B/(H), for an appropriate Hilbert space H. 

In Section 3, under natural conditions on the n-tuple / = (fx, . . . , /„), we study the ^-representations 
of the C*-algebra C*(Mz lt ■ ■ ■ ,Mz n ) and obtain a Wold type decomposition for the nondegenerate *- 
representations, where (Mz 1 , • ■ • , M Zn ) is the universal model associated with the noncommutative do- 
main By. We also show that any n-tuple T = (Ti, . . . , T rl ) of operators in the noncommutative do- 
main Mf(7i) has a minimal dilation which is unique up to an isomorphism, i.e., there is an n-tuple 
V := (Vi, . . . , V n ) of operators on a Hilbert space K, D "H such that 

(i) (v 1 ,...,v n )em f ()cy, 

(ii) there is a ^representation n : C*(M Zl , ■ • ■ , Mz n ) — > B(K) such that n(Mz i ) = Vi, i = 1, . . . , n; 

(iii) V*\ H =T*,i = l,...,n- 

(iv) K = \J ae¥t V a H. 

A commutant lifting theorem for Mf(%) (see Theorem I3.8[) is also provided. 

If / = (/i, . . . , /„) has the model property, we introduce the Hardy algebra H°°(Mf) to be the WOT- 
closure of all noncommutative polynomials in M Zl , ■ ■ ■ ,Mz n and the identity, where (M^, . . . ,M Zn ) is 
the universal model associated with the noncommutative domain B/. In Section 4, we extend the model 
theory to c.n.c. n-tuples of operators in noncommutative varieties defined by 

V f ,j(H):={(T 1 ,...,T n )em f (H): </>(Ti, . . . ,T n ) = for any ijj e J} , 
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for an appropriate evaluation ip(Ti, . . . ,T n ), and associated with n-tuples / with the model property 
and WOT-closed two-sided ideals J of the Hardy algebra if°°(B/). We also show that the constrained 
characteristic function 0/,t,j is a complete unitary invariant for the c.n.c. part of Vf t j(TL). 

In Section 5, we develop a dilation theory for n-tuples of operators (Ti, . . . , T n ) in the noncommutative 
domain By(%), subject to constraints such as 

(go/)(T 1 ,...,T n )=0, 

where V is a set of homogeneous noncommutative polynomials. We show that if / = (fi, ...,/„) is an 
n-tuple of formal power series with the radial approximation property and let B = (B\, . . . , B n ) be the 
universal model associated with the WOT-closed two-sided ideal J-pof generated by q(f(Mz)), q £ V, in 
H°°(Mf), then the linear map ^ f lT ,v ■ spm{B a Bp : a, /3 £ ¥+} -> B{U) defined by 



^ flT , v {B a B p ):=T a T^, a,fi£ 



n ' 



is completely contractive. If T-L is a separable Hilbert space, we prove that there exists a separable Hilbert 
space /C^ and a ^-representation 7r : C*(Bi, . . . , B n ) — > B(1C^) which annihilates the compact operators 
and 

n 

MHBl), • ■ • , 7T(Bn))MHBl), • . • , 7T(£? n ))* = J^, 

i=l 

such that 



(a) H can be identified with a *-cyclic co-invariant subspace of K, := {Nf,j Vof <8> Af,T"H) © K-k under 
the operators 



Vi := 



n(Bi 



i = l,...,n; 



(b) T* = V*\H, i = l,..., ni 

(c) V:=(V u ...,V n )£M f (]C) and{qof)(V) = 0, q £ V. 

In Section 6, under the conditions that / = . . . , f n ) is an n-tuple of power series with the model 
property and J is a WOT-closed two-sided ideal of the Hardy algebra H°°(Mf), we provide a Beurling [3] 
type theorem characterizing the invariant subspaces under the universal n-tuple (B±, . . . , B n ) associated 
with a noncommutative variety Vf t j(H), and a commutant lifting theorem [28] for pure n-tuples of 
operators in V/.jCH). 

We remark that all the results of this paper have commutative versions which can be obtained when J 
is the WOT-closed two-sided ideal generated by the commutators Mz < Mz i — MzjMz i: i,j £ {1, . . . ,n}. 
In this case, if T := (Ti, . . . , T n ) £ B/(K) is such that 

Ti-Zj' — TjTi, i,j 1, . . . , n, 

then the characteristic function of T can be identified with the multiplier Mq, jt : H 2 (g(B„)) <g)2?^ — > 
H 2 (f;(B„)) <g> C/.t defined by the operator- valued analytic function 



0/,j,tW :=-/(T)+A/,t I-^/i(z)/i(T)* [/i(z)/«,...,/„(z)/ H ]A /!T ,, 



where H 2 (g(B n )) is a reproducing kernel Hilbert space of holomorphic functions on g(B n ), B„ is the 
open unit ball of C™, and g = (g\, . . . , g n ) is the inverse of / with respect to the composition. 

It would be interesting to see to what extent the results of this paper and [57] can be extended to the 
Muhly-Solel setting of tensor algebras over (^-correspondences ([7J, [5], [5]). 
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1. HlLBERT SPACES OF FORMAL POWER SERIES AND NONCOMMUTATIVE DOMAINS 

In this section, we recall (see [27]) some basic facts regarding the Hilbert spaces H 2 (/) and the non- 
commutative domains Mf(H) associated with n-tuples of formal power series / = (/i, . . . , /„) with the 
model property. 

Let F+ be the free semigroup with n generators gx, . . . ,g n and the identity go. The length of a G F+ 
is defined by \a\ :— if a = go and \a\ := k if a = gi t ---gi k , where i\,...,ik G {1, ...,n}. Let 
C[Zi, . . . , Z n ] be the algebra of noncommutative polynomials with complex coefficients and noncommuting 
indeterminates Z\, . . . , Z„. We say that an n-tuple p = (pi, . . . ,p n ) of polynomials is invertible in 
C[Zi, . . . , Z n ] n with respect to the composition if there exists an n-tuplc q = (qi, . . . , q n ) of polynomials 
such that 

P Q = q o p = id. 

In this case, we say that p — (pi,...,p n ) has property (.4). We introduce an inner product on 
C[Zi,...,Z„] by setting (p a ,pp) := 5 a p, a,fi G F+, where p a := p h ---p ik if a = g it ■ ■ ■ g ik G F+, 
and p go :— 1. Let H 2 (p) be the completion of the linear span of the noncommutative polynomials p a , 
a G F+, with respect to this inner product. 

Denote by B{T-L) the algebra of all bounded linear operators on an infinite dimensional Hilbert space 
T~L and let fio C B(H) n be a set containing a ball [B(TL) n ] r for some r > 0, where 

[B(H) n ] r ■= {{X l ,...,X n )^B{n) n : \\X 1 X* 1 +--- + X n X*J 1/2 < r} . 

We say that / : f7o — B(TL) is a free holomorphic function on fio if there are some complex numbers a a , 
a G F+, such that 

oo 

/(I) = ^^a„I a , l = (li,...,l„)6O , 

fe=0 \a\=k 

where the convergence is in the operator norm topology. Here, we denoted X a := ■ ■ ■ Xi k if a = 
9h " ' 9ik ^ i an d X ga := In- One can show that any free holomorphic function on f2o has a unique 
representation. The algebra i/baii of free holomorphic functions on the open operatorial n-ball of radius 
one is defined as the set of all formal power series / = X) Q eF+ a a.Z a with radius of convergence r(f) > I, 

/ xl/2fc 

i.e., {a a } aee + are complex numbers with := limsup^,^^ I J2\ a \=k \ a a\ 2 ) ^ !• I R this case, the 

mapping 

oo 

[B(H) n ] i 3 {X 1 , . . . , X n ) ^ f{X 1 , . . . , X n ) := Yl aaXa £ B{ W 

k=0 \a\=k 

is well-defined, where the convergence is in the operator norm topology. Moreover, the series converges 

absolutely, i.e., X^fcLo J2\a\=k a aX a < oo and uniformly on any ball [S(H)"] 7 with < 7 < 1. More 

on free holomorphic functions on the unit ball [B(H) n ]i can be found in [21], [24], and [25] . 

The evaluation of / = a aZ a is also well-defined if there exists an n-tuple p = (fli, . . . , p n ) of 

strictly positive numbers such that 

( 

limsup ^2 \a a \Pa < 1- 

fe ^°° \|a|=fe / 

In this case, the series f(Xi, . . . , X n ) := X)^Lo S|ol=fc a aX a converges absolutely and uniformly on any 
noncommutative polydisc 



P(r) := {(Xi, . . . , X n ) G B(H) n : \\Xj\\ < r jf j = 1, . . . ,n} 
of multiradius r = (r\, . . . , r n ) with rj < pj, j = 1, . . . ,n. 

We remark that, when (Xi, . . . , X n ) G B(TL) n is a nilpotent n-tuple of operators, i.e., there is m > I 
such that X a — for all a G F+ with |a| = m, then f{X\, . . . ,X n ) makes sense for any formal power 
series /. 
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Let g — J2kLo S|a|=fe a aZa be a formal power series in indeterminates Z±, . . . , Z n . Denote by C g (H) 
(resp. Cl OT {U)) the set of all Y := {Y 1 , . . . ,Y n ) e 5(H)" such that the series 

OO 

g(Yx,...,Y n ) ~J2Y1 aaYa 

k=0 \a\=k 

is norm (resp. SOT) convergent. These sets are called sets of norm (resp. SOT) convergence for the 
power series g. We introduce the set C r g ad (H) of all Y := (Yx,...,Y n ) € B(H) n such that there exists 
S G (0, 1) with the property that rY 6 C g (H) for any r e (5, 1) and 

OO 

g{Yi, . . . , Y n ) :=SOT-limV V a a r^Y a 

r—tl A — * * — * 
k=0 \a\=k 

SOT 

exists in the strong operator topology. Note that C g (H) C C^ OT and C r g ad (H) C C s (%) 

. . . , i? n with the 

Jacobian 



det J/(0) := dot 



= (/l 


,---,fn) i 


[ df . t 




n 


[dZj 


Z=0- 





?0. 



As shown in [27], the set {/ Q } Q6F + is linearly independent in S[i?i, . . . , Z n ], the algebra of all formal 
powers series in Z%, . . . , Z n . We introduce an inner product on the linear span of {/ Q } Qg F+ by setting 

(f a ,U):=ll { l a= J R fOT 
10 it p 

Let H 2 (/) be the completion of the linear span of {/ Q } Q6F + with respect to this inner product. Assume 
now that /(0) = 0. As seen in [27] . / is not a right zero divisor with respect to the composition of power 
series, i.e., there is no non-zero formal power series G € S[£?i, . . . , Z n ] such that Go f = {). Consequently, 
the elements of H 2 (/) can be seen as formal power series in S[Zi, . . . , Z n ] of the form X) a eF+ a afa, where 

E QeF + M 2 < °°- 

Let / = (/i, . . . , /„) be an n-tuple of formal power series in Z\, . . . , Z n such that f(0) — 0. We say 
that / has property (S) if the following conditions hold. 

(<5>i) The n- tuple / has nonzero radius of convergence and det J/(0) ^ 0. 

(52) The indeterminates Z\, . . . , Z n are in the Hilbert space H 2 (/) and each left multiplication operator 
M Zt : H 2 (/) -> H 2 (/) defined by 

M Zi i> := Zti), V 6 H 2 (/), 

is a bounded multiplier of H 2 (/). 
(^3) The left multiplication operators Mf j : H 2 (/) — > H 2 (/), Mfjip = fjip, satisfy the equations 

M h = fj(M Zl ,...,M z J, i = l,...,n, 

where (M Zl ,. . . , M Zn ) is either in the convergence set C| OT (H 2 (/)) or C} Qd (H 2 (/)). 

Note that if / is an n-tuple of noncommutative polynomials, then the condition (53) is always satisfied. 
We remark that, when (M Zll . . . , M Zn ) is in the set CJ ad (H 2 (/)), then the condition (5 3 ) should be 
understood as 

M fj = % (M Zl , . . . , M Zn ) := SOT- lim ft (rM Zl rM Zn ) , j = l,...,n. 

Now, we introduce the class of n-tuples of free holomorphic function with property (J 7 ). Let if — 
((fx, . . . , (p n ) be an n-tuple of free holomorphic functions on [_B('H) n ] 7 , 7 > 0, with range in [B("H) n ]i and 
such that ip is not a right zero divisor with respect to the composition with free holomorphic functions 
on [B(H) n ]i. Consider the Hilbert space of free holomorphic functions 

H 2 M:={Go^ : G e H^h 
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with the inner product 

{FoLp,Go ip) M 2 {v) ■= (F, G} H 2^ . 

We recall that the noncommutative Hardy space H^ aU is the Hilbert space of all free holomorphic functions 
on [B(H) n ]i of the form 

OO 

f(Xi,...,X n )=^2^2 a a X a , ^|a Q | 2 <oo, 

fc— — k a ^]p+ 

with the inner product (/,<?) := J2kLo S|a|=fc a ab a , where g = J2T=o^2\a\=k baX a is another free holo- 
morphic function in u . We say that ip has property (T) if the following conditions hold. 

The n-tuple tp — (ipx, . . . , tp n ) has the range in [B(H) n ]i and it is not a right zero divisor with 
respect to the composition with free holomorphic functions on [B(H) n ]i- 

(.7-2 ) The coordinate functions X\, . .. ,X n on [B(Ti) n ] 1 are contained in M. 2 (ip) and the left multipli- 
cation by Xi is a bounded multiplier of M 2 (f). 

(J-3) For each i = 1, . . . , n, the left multiplication operator M ipi : M 2 (tp) — > M 2 (p) satisfies the equation 

M Vi =Vi(M Zl ,...,M Zn ), 

where (Afz t M Z J is either in the convergence set C^ OT (M 2 (p)) or C™ d (H 2 (<p)). 

We mention that if tp is an n-tuple of noncommutative polynomials, then the condition (J-'a) is always 
satisfied. 

An n-tuple / = (fx, . . . , /„) of formal power series is said to have the model property if it is either one 
of the following: 

(i) an n-tuple of polynomials with property (.4); 

(ii) an n-tuple of formal power series with f(0) = and property (5); 

(iii) an n-tuple of free holomorphic functions with property (J 7 ). 

We denote by Ai the set of all n-tuples / with the model property. For several examples of formal power 
series with the model property we refer the reader to |27) . 

Let / = (/1, . . . , f n ) have the model property and let g = (cjxi . . . , g n ) be the n-tuple of power series 
having the representations 

00 

9t ■= E E a a )z a, i = 1, . . . , n, 

fe=0 a £F+,|a|=fc 

where the sequence of complex numbers {«« } a£( + is uniquely defined by the condition g o f = id. We 
say that an n-tuple of operators X = (Xx, . . . , X n ) G B(H) n satisfies the equation g(f(X)) = X if either 
one of the following conditions holds: 

(a) X e C s f OT {U) and either 

OO 

X * = E E ^ [/(*)]«. » = l,...,n, 

k =° ae¥+,\a\=k 

where the convergence of the series is in the strong operator topology, or 

00 

l^SOT-limV V a«rH[/(X)] Q , i = l,...,n; 
j — >i ^ — » * — ' 

fc=0 a eF+,|a|=fe 

(b) X e C r f ad (H) and either 

OO 

X * = E E oJ? [/(*)]«, i = l,...,n, 

fe=O ae F+,|a|=fc 
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where the convergence of the series is in the strong operator topology, or 

oo 

X t = SOT- lim V V a$rM[f(X)] a , i = l,...,n. 
i — >i * — • * — • 

fe =° aGF+,|a|=fe 

We define the noncommutative domain associated with / by setting 

B/(W) := {X = (X ll .. .,X n ) e B(H) n : g(f(X)) = X and \\f(X)\\ < 1}, 

where g = (gi , . . . , g n ) is the inverse of / with respect to the composition of power series, and the 
evaluations are well-defined as above. Note that the condition g(f(X)) = X is automatically satisfied 
when / is an n-tuple of polynomials with property (A). 



2. Characteristic functions and models for h-tuples of operators in Wp c (H) 



In this section, we present models for completely non-coisometric (c.n.c.) n-tuples of operators in 
noncommutative domains !!/(%), generated by n-tuples of formal power series / = (fi, . . . , /„) of class 
A4 b , in which the characteristic function occurs explicitly. This is used to show that the characteristic 
function is a complete unitary invariant for the c.n.c. n-tuples of operators in B/("H). We also show 
that any contractive multi-analytic operator with respect to Mz 1 , ■ ■ ■ , Mz n generates a c.n.c. n-tuple of 
operators T := (Ti, . . . , T n ) e B/(H). 

First, we need a few definitions. Let / = (/i, . . . , /„) be an n-tuple of formal power series with the 
model property. We say that / has the radial approximation property, and write / € Mrad, if there is 
5 e (0, 1) such that (r/i, . . . , rf n ) has the model property for any r £ (5, 1]. Denote by M." the set of 
all formal power series / = (/i, . . . , /„) having the model property and such that the universal model 
{M-Zi , * ■ * , Mz n ) associated with the noncommutative domain B f is in the set of norm-convergence (or 

radial norm-convergence) of/. We also introduce the class A4 d of all formal power series / = (/i, . . . , /„) 
with the property that there is S £ (0, 1) such that rf G for any r £ (i5, 1]. We recall that in all the 
examples presented in [27], the corresponding n-tuples / = (/i, . . . , /„) are in the class M^J ad . Moreover, 
the n-tuples of polynomials with property (A) are also in the class M^ ad . 

Let / = (/i, . . . , /„) be an n-tuple of formal power series with the model property and assume that fi 
has the representation fi{Z\, . . . , Z n ) — ^2 ae¥ + a$ Z a . We say that / is in the class M. b if either one of 
the following conditions holds: 



(i) the n-tuple {Mz t , ■ ■ ■ , Mz n ) is in the convergence set C^ OT (M 2 (f)) and 



sup 

mGN 



|a|<m 



< OO, 



t = l. 



. n; 



(ii) the n-tuple (Mz t , • ■ • , Mz n ) is in the convergence set (H 2 (/)) and 



sup 

r£[0,l) 



E E a a } r lal M Za <oo, i = l,...,n. 

k=0 \a\=k 

Note that M ]] rad C X 11 C M b C M. 

We recall that the noncommutative domain associated with / £ M. is 

M f (H) := {X = (X,, . . .,X n ) e B(H) n : g(f(X)) = X and ||/(X)|| < 1}, 

where g is the inverse power series of / with respect to the composition. We say that T := (Ti, . . . , T n ) S 
B(H) n is a pure n-tuple of operators in B/(H) if 

SOT- lim J2 [f(T)Uf(T)V a =0. 



a£W n , \oi\=k 
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The set of all pure elements of Mf(TL) is denoted by M pure (H). An rt-tuple T £ B/(%) is called completely 
non-coisometric (c.n.c) if there is no vector h £ %, h ^ 0, such that 



where the positive linear mapping $/.t : B(T~L - 
set of all c.n.c. elements of Mf(TL) is denoted by 



for any m = 1, 2, 



B{H) is defined by $/,t(X) 
(H). Note that 
(H) C Mf(H). 

Let -ff n be an n-dimensional complex Hilbert space with orthonormal basis e±, e^, 



E fi(T)Yfi(T)*. The 

i=l 



Jf re (H) c: 



Dene i 



where 



n6 {1,2,...}. We consider the full Fock space of iJ n defined by 

F 2 (H n ) :=Cl®0iI® fc , 
fc>i 

where H® k is the (Hilbert) tensor product of k copies of H n . Define the left (resp. right) creation 
operators Si (resp. R4), i = l,...,n, acting on F 2 (H n ) by setting 

Sup := ei ® if, tp £ F 2 (H n ), 

(resp. Riip :— ip (E) e^). The noncommutative disc algebra A n (resp. lZ n ) is the norm closed algebra 
generated by the left (resp. right) creation operators and the identity. The noncommutative analytic 
Toeplitz algebra F£° (resp. R™) is the the weakly closed version of A n (resp. 7Z n ). These algebras were 
introduced in j!2j in connection with a noncommutative version of the classical von Neumann inequality 
[29]. 

A free holomorphic function g on [B(H) n }i is bounded if ||g||oo := Sup||<7(X)|| < oo, where the 
supremum is taken over all X £ [B(H) n ]i and H is an infinite dimensional Hilbert space. Let be 
the set of all bounded free holomorphic functions and let A^aix be the set of all elements / £ H^ n such 
that the mapping 

[B{H) n ]x 3 (X 1 ,...,X n )^g(X 1 ,...,X n )£B(H) 
has a continuous extension to the closed ball [B(7i) n ]i . We showed in [2T] that H^ n and A^aii are 
Banach algebras under pointwise multiplication and the norm || • Hoc. The noncommutative Hardy space 
-^baii can ^ e identified to the noncommutative analytic Toeplitz algebra F£° . More precisely, a bounded 
free holomorphic function g is uniquely determined by its (model) boundary function g £ F£° defined 
by g := SOT- lim r _>.i g(rSi, . . . , rS n ). Moreover, g is the noncommutative Poisson transform [17] of g at 
X £ [B(T-L) n )i, i.e., g(X) = Px\g ® I]. Similar results hold for bounded free holomorphic functions on 
the noncommutative ball [B{H) n ] 1: 7 > 0. 

The next result provides a characterization for the n-tuples of formal power series / with property [S) 
which are in .M^. A similar result holds if / has property (J 7 ). 

Lemma 2.1. Let f = . . . , f n ) be an n-tuple of formal power series with /(0) — and det J/(0) 7^ 0. 



Assume that has the representation fi(Z\, . . . , Z n 



y 



Z a and let g — (gi, . 



■ 9n 



be the 



inverse of f under the composition. Then f is in the class A4 b if and only if each gi is a bounded free 
holomorphic function on [B(7i) n ]i and either one of the following conditions holds: 



(i) Si = SOT- limm-voo £V 



\a\<r 



(0~ ,1 
, aa'g a and 



sup 



J2 a « } 3« 

a|<m 



< OO, 



i = l,...,n; 



(ii) Si = SOT-lim r ^iE^LoE|Q|=fc a c> > r ^9a and 



1= 

OO 

fe=0 \a\=k 

where the series converges in the operator norm topology 



sup 

r£[0,l) 



i = l,...,n, 
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Proof. Assume that / has the property (S) and let g = (gi, . . . , g n ) be its inverse with respect to the 
composition. Let U : H 2 (/) — > F 2 {H n ) be the unitary operator defined by U(f a ) '■— e a , a G F+. Note 
that Zi = S aEF +6a f a = U~ l (ipi) for some coefficients such that <p := S a eF+ b a l) e a G F 2 {H n ). 
Note that Mz t is a bounded left multiplier of H 2 (/) if and only if ipt is a bounded left multiplier of 
F 2 {H n ). Moreover, Mz t = U~ l ipi{Si, . . . , S n )U, where f i(Si, . . . , S n ) is in the noncommutative Hardy 
algebra F r ^° and has the Fourier representation J2 a ew + baS a . According to Theorem 3.1 from [21], we 

deduce that g^ = ^ qGF + a cPZa i s a bounded free holomorphic function on the unit ball [B(H) n ]i and has 
its model boundary function g^ — (pi(S\, . . . , S n ). On the other hand, note that the left multiplication 
operator M {j : H 2 (/) -> H 2 (/) defined by 

\qGF+ / aGF+ aeF+ 

satisfies the equation 

M fj =U- x SjU, j 1 n, 

where Sx,...,S n are the left creation operators on F 2 (H n ). Since = U giU, where «/j is the 

model boundary function of gi G i^baiii it is easy to see that the relation Mj j = fj(M Zl , . . . , Mz„) for 
j = 1, ...,n is equivalent to the fact that the model boundary function g = (g 1 , . . . ,g n ) satisfies either 
one of the following conditions: 

(a) ~g is in C s f OT (W 2 (f)) and S t = . . . ,g n ), i = 1, . . . ,n; 

(b) g is in q ad (H 2 (/)) and S t = SOT- lim r _,i fj(rgi,. . . , r£„) for i = 1, . . . ,n. 

Now, one can easily see that / G AW 6 if and only if the conditions in the lemma hold. □ 

Proposition 2.2. Let f = (fi, ■ • ■ , f n ) fre an n-tuple of formal power series in the class M. b and let 
g = (g\, . . . ,g n ) be its inverse under the composition. Then the set B™ C ('H) coincides with the image of 
all c.n.c. row contractions under g. Moreover, M P j Ure ('H) — g([B(H) n ]i Ure ). 

Proof. Set [B(H) n ]l nc := {X G [B(U) n ]l : A is a c.n.c. row contraction} and note that Mf c (H) C 
{g(Y) : Y 6 [B(H) n ] c { lc }- To prove the reversed inclusion let W = g(Y), where Y G [B{H) n ]T°- 
Assume that fi has the representation fi(Z%, . . . , Z n ) = J2a£W+ a ^a Z a . Since / 6 M b , using Lemma HO 
and the fact that the noncommutative Poisson transform Py is S'OT-continuous on bounded sets (since 
Y is a c.n.c. row contraction), we deduce that either 

Y { = P Y [S % g> 7] = SOT- lim V c$P Y [g a <E> I] 

m^-oo ' ^ 
\a\<m 

-SOT- lim V a£>[g(Y)] a 

m— *-oo ( * 
\a.\<m 



or 



^ = iV[5i <8> I] = SOT- lim V Y a^r^P Y [g a g> 2] 

fc=0 |a|=& 

oo 

= SOT- lim £ ^ oWrM[ff(r)] a . 

fc=0 \a\=k 

Therefore, we obtain Yi — fi(gi(Y), . . . ,g n (Y)) for i = 1, . . . , n. Consequently, we have f(g(Y)) = Y 
which implies that f(W) = f(g(Y)) = Y and g(f(W)) = g(Y) = W, and shows that W G Mf c {U). 
Therefore, W f nc {U) = g([B(H) n ]T c ), the function g is one-to-one on [B(H) n }i nc , and / is its inverse on 
Bf c {%). Consequently, since W } ure {U) C Wf c {U), we deduce that Mf re {U) = g([B(H) n ]T re )- The 
proof is complete. □ 
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For simplicity, throughout this paper, T := [Ti, . . . ,T n ] denotes either the n-tuple (Ti,...,T n ) of 
bounded linear operators on a Hilbert space TL or the row operator matrix [Ti ■ • • T n ] acting from 
to H, where H (n) := ®? =1 H is the direct sum of n copies of H. Assume that T :— [Ti, . . . , T„] is a row 
contraction, i.e., 

TiT* + ■■■+ T n T* < I. 

The defect operators of T are 

/ „ XV2 

and the defect spaces of T are defined by 



V T A T H and V T , := At-H^ . 

We recall that the characteristic function of a row contraction T := [Ti,...,T n ] is the multi- analytic 
operator 9t : F 2 (H n ) <S> T>t- — > F 2 (H n ) <g) 7>t with the formal Fourier representation 

-7 <g> T+ (7(8 A T ) [7-^i?i<g>Tf J [# x <g> J w , . . . , ® 7«] (7 <g> A T .) , 



i=l / 

?2/ 



where R\, . . . , R n are the right creation operators on the full Fock space F (H n ). The characteristic 
function associated with an arbitrary row contraction T :— \T\, . . . ,T n ], Ti G £>(%), was introduce in 
[TT] (see [55] for the classical case n = 1) and it was proved to be a complete unitary invariant for 
completely non-coisometric (c.n.c.) row contractions. 

Now, let / = (/i, . . . , /„) be an n-tuple of formal power series with the model property. The char- 
acteristic function of an n-tuple T = (Ti, . . . ,T„) G Mf(H) was introduced in [2 7) as the multi-analytic 
operator with respect to M Zl , ■ ■ ■ , M Zn , 

Qf.T :H 2 (/)<g>D/,T* -^H 2 (/) <8>X>/, T , 
with the formal Fourier representation 

-%*(/) © /(T) + (7 H 2(/) ® A /)T ) ^Tbp(/)®« -^A^/^T)* 

[Ai ® A n <g>7 K ] (J H 2 (J) ® A />T «) , 

where Ai, . . . , A„ are the right multiplication operators by the power series fi on the Hardy space H 2 (/) 
and the defect operators associated with T :— (T\, . . . , T n ) G B/(%) are 

/ n \ V2 

A/,t M T )M T T e and A /jT . := (7 - /(T)*/(T)) 1//2 E fl(#)), 



while the defect spaces are f /,r : = A},tH and £>/,t* : = A/,t*?^™^ We recall that a bounded operator 
$ : H 2 (f) (g> £i -> H 2 (/) (8 /C 2 is multi-analytic with respect to M Zl ,...,M Zn if $(Mz 4 ® 7 Kl ) = 
(M Zi ® 7k 2 ) < 2 ) for any i = 1, . . . , n. 

In what follows, we present a model for the n-tuples of operators in Wp c {T-L) in which the characteristic 
function occurs explicitly. 

Theorem 2.3. Let f = (/i, •••,/«) be an n-tuple of formal power series in the class Ai b and let 
(M Zl , . . . , M Zn ) be the universal model associated with the noncommutative domain B/. Every n-tuple 
of operators T := (Ti,...,T„) in Wp c (H,) is unitarily equivalent to an n-tuple T := (Ti,...,T„) in 
B^ nc (H) on the Hilbert space 



H := [(H 2 (/) ®% T ) © A 0/ T (H 2 (/) ® V f;T «)] Q {Q } , T x © A efT x : x G H 2 (/) ® V LT , }, 
where A% JT := (7 — SJyO/^) 1 ^ 2 OTid operator Tj is defined by 

T*{x(SAe f T y] := (M|. (g> 7u /iT )a; © D?(Ae /)T J/), i = l,...,rc, 
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for x g H 2 (/) ®X>/, T , 2/ E i 2 (/)®%., w/iere A(A 0/ , T y) := A @f:T (M Zi ® fo /tT .)»- 

Moreover, T is a pure n-tuple of operators in TBt (ft) if and only if the characteristic function Q/ t 
is an isometry. In this case the model reduces to 

H = (tf(/)®%)ee /ir (I 2 (/)®%.)> T*x = (M|. ® I<d jt )x, ieH. 

Froo/. If T := (T 1; . . . , T„) is in B / (?^) cnc , then the n-tuple f(T) := (fi(T), f n (T)) is a c.n.c row 
contraction. According to f(T) is unitarily equivalent to a row contraction A := (Ax, . . . ,A n ) on 
the Hilbert space 

U := [(F 2 {H n ) ® D /(T) ) © A e , m (F J (fl B ) © Z> /(T) .)] 9 {6 /(T) z © A 6/(T) z : « G F 2 (^„) ® P/(t)*}, 
where 0/(t) is the characteristic function of the row contraction /(T) := (/i(T), . . . , f n (T)), the defect 
operator Ae /(T) := (J — 0^ t ^0/(t)) 1 ^ 2 , and the operator A< is defined on % by setting 

(2.1) A* i [u]®A @nT) z}:=(St®I- Dj(T) )u]®C?(Ae nT) z) ) i = l,...,n, 

for ui g F 2 (H n ) ® P/( T ), ^ G F 2 (H n ) ® P/ (T )», where C 4 is defined on A Q/(r) (F 2 (H n ) ®V f{Tr ) by 

Ci(A e/(T) z) := A @f(T) (Si ® I-d /(t) »)z, i = l,...,n, 

and Si, . . . , S„ are the left creation operators on the full Fock space F 2 (H n ). Since /(T) and A are 
completely non-coisometric row contractions and g, the inverse of / with respect to the composition, 
is a bounded free holomorphic function on the unit ball [B(H) n ]i, then, using the functional calculus 
for c.n.c. row contractions (see [13]), it makes sense to talk about g(A) := (51(A), ... ,g n (A)) and 
g(f(T)) := (ffi(/(T)), . . .,g n {f{T))). Consequently, since g(f(T)) = T and f(T) is unitarily equivalent 
to A, we deduce that T — (T%, . . . ,T n ) is unitarily equivalent to T := (Ti, . . . , T n ), where Tj = gt(A). 
Since / g M b , we use Proposition O to conclude that T g B™ c (?i). 

Consider the canonical unitary operator U : H 2 (/) — > F 2 (H n ) defined by Uf a = e a , a g F+ and note 
that 

(2.2) e f>T = (u*®iv f:T )e f(T) (u®iv f , T »), 

where 0/(t) is the characteristic function of the row contraction f(T) — [fi(T), . . . , f n (T)]. Hence, we 
deduce that 

(2.3) A 0/ T = (U* ® Iv ftT , )A e/(T) (C/ ® /j> /iT .)- 
Define the subspaces 

G := {Qf t TX © AQ f T x : 1 G H 2 (/) ®D /jT .} 

and 

G := {e /(T) z © A Q/(T)2 : « g F 2 (H n ) ® I> /(r) .}, 

and the unitary operator T acting from the Hilbert space (H 2 (/) €5 P/,t) © Ae /T (H 2 (/) ®T>f t T*) to 
(F 2 (#„) (g) X> /(T) ) © A 8/(T) (F 2 (H n ) ® V f(T) .) and defined by 

T := (U®Iv tT ) © [U ®I Vf T ,). 

Since 2?/,t = P/(T) and P/,t* = P/(t)*, it is easy to see that that T(G) = ^ and T(H) = H. Therefore, 
T|h : H — >• % is a unitary operator. 

We introduce the operators := (r|H) _1 Tj(r|H), i = l,...,n. Since the n-tuple (Ti,...,T„) is in 
Bf C (U), we deduce that B := (B x , . . . , B„) is in Mf c (H). 

Now, we show that the operators Tj, i — 1, . . . , n, defined in the theorem are well-defined and bounded 
on the Hilbert space H. Note that since O /,t is a mult i- analytic operator with respect to M Zl , ■ • ■ , Mz n , 
we have 

||A(A e/iT 2/)|| = ||Ae /iT (M^ ®I Vf:T *)y\\ 

= (M* z M Zi ®I Vf T , - &*f tT MZ t Mz i &f,T)v,v) 

= WZiWmnftii 1 - e },T@f,T)y,y) = II-^Hh2 (/) ||A 0//r2 /|| 2 
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for any y € H 2 (/) © £>/,t*- Consequently, A extends to a unique bounded operator on the Hilbcrt 
space A® f t (H 2 (/) © C/,t* )• Note also that due to the fact that the subspace G is invariant under 
(M Zi © Iv fiT , ) ffi A, we have [(M£. © 7n /iT . ) © A?] ( H ) C H, which proves our assertion. 

Our next step is to show that Bj = for i = 1, . . . , n. First, note that due to relation (|2.ip and the 
functional calculus for c.n.c. row contractions, we have 

(w 8 Ae /(T) *,Ti(w' © A© /(T /)) 

= (w © Ae /(T)2 , 3l (Ai, . . . , A„)(u/ © A 6/(T) z')) 

= lim (ui © A e/(T) z, gi (r[(Si © Iv nT) ) © Ci], . . . ,r[(5„ © /z> /(T) ) © C„)]) (a/ © A@ flT) z')) 

= lim (w © A e/(T) z, [(^(YSi, . . . ,rS„) (g> I Vf{T) ) ®gi(rCi,. . . ,rC n )] (a/ © A& nT) z')) 

= Km (w © As f(T) z, \gi(rSi,. . .,rS n ) © 7p /(T) ]w' © [A Q/(T) (gi(rSi, . . .,rS n ) © 7d /(t) „ )]z') 

for any w, w' e F 2 (H n ) © P/(t) and z, z' e F 2 (H n ) © V f{ ry. 

Now, using relation (12.31) . for any x, x' e H 2 (/) © D/ )T and y, y' G H 2 (/) © 7>/,t* , we have 
(x © Ae^y, B^a;' © A @f T y')) 

= (x © A 6/ , T zj, (r| H )- 1 T i (r| H )(a ; / © A e ,, T y')) 

= © ix» /lT )a! © A e ,, T (C/' © 7u /lT )tf], Ti[(l7 © Id,.*)*' © A ef T {U © I Vf . T )y']) ■ 

Setting oj = (U © Iu fT )x, z = (U © Ij) fT )y, u>' = (U © Jp /T )x', z' = ({/ © Iu f T )y', and combining the 
results above, we obtain 

(a: © A e/iT », Bifx 7 © A e/ , T »')) 

= Km([(t/ ©7 P/>T )a;© A Q/ T (C/ ©I C/ , T )y], 

[ffi(r5i, . . . ,r5„) © 7d /(t) ](E7 © fe^y © [Ae /(T ,(ffi(rSi,. . . ,rS n ) © fe /(xr )](£/* © Iv f , T )y') 
= lim (s © A e/iT y, [([/^(rSi, . • . , r5„)J7) © Iv f , T W © [A 0/(T) (*7*$i(rSi, . • . , rS n )l7 © J©,^. )]?/') 
= lim (x © A 6/>T y, [&(rM A ,. . .,rM fn ) © 7 P/ , T ]x' © [A@ nT) ( gi (rM fl ,. . .,rM fn ) © Jx> /(T) . )W-) 
On the other hand, since / has the model property, we have 

M Zi = 9i (M fl , . . . , M/J = SOT- lim ft (rM A , . . . , rM/J. 

Now, we can deduce that 

(x © A &f:T y, Bi(x' © A &J:T y')) 

= (x® A 0f T y, (M Zi © 7 P/ . r )x / © A 0f(T) (M Zz © Iv f , T )y') 
= (x® A e/ T y, T 4 (a; © A e/ , r y')) 

for any x, x' e H 2 (/) © £>/,t and y, y' £ HI 2 (/) © 2?/,t* • Hence, we obtain B; = Tj for any i = 1, . . . , n, 
which completes the first part of the proof. 

Since the n-tuples of operators T := (Ti,...,T„) and T := (Ti,...,T„) = (g 1 (A), . . . , g n (A)) are 
unitarily equivalent, we deduce that T 6 B^ ure (%) if and only if T € M P j Ure ('H). On the other hand, due 

to Proposition [23 T £ M p f ure (H) if and only if A e [B(H)"]r re - Since the row contraction f(T) := 
(/i(T), . . . , f n {T)) is unitarily equivalent to A, Theorem 4.1 from [TT] shows that A is pure if and only if 
the characteristic function @/(t) is an isometry which, due to relation (|2.2[) , is equivalent to 0/,t being 
an isometry. This completes the proof. □ 

Let $ : H 2 (/) © K x -> H 2 (/) © JC 2 and $' : H 2 (/) © /Ci H 2 (/) © /C 2 be two multi-analytic 
operators with respect to M Zl , . . . , M Zn . We say that $ and $' coincide if there are two unitary operators 
Tj e B(/Cj,/C^), j = 1,2, such that 

$'(7hp(/) © n) = (7hp(/) © t 2 )$. 
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The next result shows that the characteristic function is a complete unitary invariant for the n-tuples of 
operators in the c.n.c. part of the noncommutative domain Mf(H). 

Theorem 2.4. Let f = (fi, ■ ■ ■ , f n ) be an n-tuple of formal power series in the class A4 b and let 
T := (Ti, . . . ,T n ) e MJ IC (H) and T" := (T{, . . . e MJ IC {H'). Then T and V are unitarily equivalent 
if and only if their characteristic functions 0/,t o,nd 0/,t' coincide. 

Proof. Assume that T and T" are unitarily equivalent and let W : T~L — > H! be a unitary operator such 
that T, = W*T[W for any % = 1, . . . , n. Since T e C s f OT {U) or T e C r f ad (H) and similar relations hold 
for T', it is easy to see that 

WA f)T = Af,T>W and (®? =1 W)A fiT * = A f:T '*(®7 =1 W). 

Define the unitary operators r and r' by setting 

T := W\ Vf T : V f>T -> Vf tT > and t' := (©JLj W )\v,, T * ■ T>f,T* T>f,T»- 

Using the definition of the characteristic function, we deduce that that 

(4p(/) ®r)6 /iT = 9/ jT '(4 [ 2( / ) <g>r')- 

Conversely, assume that the characteristic functions of T and T' coincide. Then there exist unitary 
operators r : £>/,t — > 2?/,T' and t* : £>/,t* — * f/,T'* such that 

(2.4) (%>(/) ®t)0/,t = 0/,T'(i]HP(/) 

Hence, we obtain 



Consider the Hilbert spaces 

K/.T := [(H 2 (/) ® X>/,T)eA e/ . T (H2(/)®27 / , T .)], 

G /,t := {S/.rilAe^i : x £ H 2 (/)®2? AT .}, 
and Hy.y := Kf.T © Gf,T- We define the unitary operator T : ~K.j t ~^ ^/,T' by setting 

T := (I H 2(/) <8> r) ® (Jjh 2 (/) © 7*). 

Due to relations (|2.4[) and (|2.5p . we have r(G/ ; r) = G/^/ and r(H/,r) = H/.x'. Therefore, the operator 
r| H/ , T : H/ >T ->■ H/, T ' is unitary. Now, let T := [T 1( ...T n ] and T' := [T' 1; ...T^] be the models 
provided by Theorem 12.31 for the n-tuples T and T", respectively. 

We recall that the operator Di is defined by Di(A@ f T y) := A@ f T (Mz i <8> Lx> fT ,)y for all y G 
H 2 (/) (gi 2?/,t*. Using relation ([275]) . we deduce that 



(2.5) 




and 



(/ H 2 (/) ®t„) A /jT (H 2 (/) gi 2?/, r .) = A/, T '(H 2 (/) ® 2?/,t»)- 



£>;((/ ® r,)A e/ , T y) = 2^(Ae />T , (J © r*)y) 



= A e/iT , (M Z( <8> Ivf, T ,.)(I ® t.)j/) 
= (J ® r*)A Q/ , T (M Zi ® 7p / T , )y 
= (/»T.)A(Ae /lT »). 



Consequently, we obtain that D'*{I ® r*) = (7 (8) t*)D*. On the other hand, we have 



(Af|. ® 7d /iT ,)(/h2(/) ® t) = (Jbp ( /) <S> t ) (M* z . ® I Vf T ). 
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Combining these relations and using the definition of the unitary operator T, we deduce that 
T'*T(x + A 0f T y) = Tf ((I m *{f) © t)x © (I MHf) © t,)A 6/ . t zj) 
= Tf ((I H 2(/) © r)a; © A 6/ . T , (Ibp(/) © r*)t/J 
= (M|. © I^ T ,)(/ H 2(/) © r)s © £>f ( A e /iT , (4p(/) © r,)tf) 
= (M£. © 7p /r ,)(/ H =(/) © r)x © D'* ((/bP(/) © r„)A e/iT y) 
= (I H 2 (/) © r)(M|. © Jx) /iT )a! © fee/) © r*)£>f (A 0/ T y) 
= TT*(x®A @f , T y) 

for any x © A@ fT y g H/,t and z = Consequently, we obtain T^*(r|n /T ) = (r|n /T )T* for 

i = 1, , . . ,n. Now, using Theorem 12.31 we conclude that T and T 1 are unitarily equivalent. The proof is 
complete. □ 

In what follows we prove that any contractive multi-analytic operator 8 : H 2 (/) © £* — > H 2 (/) © 
£ (£, £* are Hilbert spaces) with respect to Mz x , • ■ • , Mz„ generates a c.n.c. n-tuple of operators 
T := (Ti, . . . ,T n ) € B/(H). We mention that 6 is called purely contractive if ||Pg6(l © x) \\ < \\x\\ for 
any x € £* . 

Theorem 2.5. Let f = (fi, ■ ■ ■ , f n ) be an n-tuple of formal power series in the class M b and let 
(Mz x , ■ ■ ■ ,Mz n ) be the universal model associated with the noncommutative domain Mf. Let : H 2 (/)© 
— > H 2 (/) ©£ be a contractive multi- analytic operator and set Ae := (I — 0*0) 1 / 2 . Then the n-tuple 
T := (Ti, . . . , T n ) defined on the Hilbert space 

H:= [(H 2 (/) © £ ) © A e (H 2 (/) © £,)] © {Qy © A e y : ^tf(/)8f t } 

by 

T*{x © A e y) := (M* ; © I £m )x © D*(A e y), i = l,..,,n, 
where each operator Di is defined by 

A(A e y) := A&(M Zi © h)v, v e H 2 (/) © 

is in Bf c (H). 

Moreover, if is purely contractive and 

A e (H 2 (/) ®£7) = A e (Vf =1 M /i (H 2 (/) ®£^J, 
t/ien coincides with the characteristic function of the n-tuple T := (T l7 . . . , T„). 

Proof. Since / = (/i, . . . , /») has the model property, we have M/. = fj(Mz 1 , . . . , Mz n ) where the n-tuple 
(Af Zl , . . .,M Z J is either in the convergence set C s f OT (W 2 (f)) or C™ d (H 2 (/)), and 9j(M fl ,. . .,M/J = 
where (M/ x , . . . , M/ n ) is in the convergence set Cg ad (H 2 (/)). Consequently, we have 0(Mz j © 
■fe.) = (-Mzi © -fc)> * = l,...,n, if and only if 0(M/ 4 © 7 £ J = (M/, © I £ ), i = l,...,n. Setting 
*:=(£/© I £ )Q(U* © If,), where the canonical unitary operator ?7 : H 2 (/) — > F 2 (H n ) is defined by 
Ufa = e Q , a € F+, we deduce that * is a multi-analytic operator on the Fock space F 2 (H n ), i.e., 
V(Si®I £ ,) = (Si®L £ ) for i=l,...,n. 

Define the n-tuple A := (Ai, . . . , A„) on the Hilbert space 

H:= [(F 2 (H n ) © £) © A^(F 2 (H n ) © £,)] © © A*z : z S F 2 (H n ) © £*}, 

where the defect operator A* := (7 — vj/*^) 1 / 2 and the operator A,;, i = 1, . . . ,n, is defined on % by 
setting 

A|[w © A*z] := (5* © L £ )uj © C*(Am,z), i = 1, . . . ,n, 
for lj e F 2 {H n ) © £, z £ F 2 {H n ) © £», where C 4 is defined on A*(F 2 (i7 n ) © £») by 

Ci(At,z) := A*(5i © Ie,)z, i = l,...,n, 
and Si, . . . , S n are the left creation operators on the full Fock space F 2 (H n ). 
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Consider the Hilbert spaces 

K := (F 2 (H n ) ® £) ® A*{F 2 {H n )®£*) 

and 

g := {fz© A^z : z £ F 2 (H n ) (g> £*}. 

Since ^ is a multi-analytic operator on the Fock space F 2 (H n ), it is easy to see the [Ci, . . . , C n ] is a row 
isometry and is invariant under each operator Wj := Si © Ci, i = l,...,n, acting on /C. Therefore, 
A* = W*|^, i = l,...,n. Note also that A = [Ai,...,A n ] is a c.n.c. row contraction. Indeed, let 
w © A^.z e % be such that X)| a |=fc II A* (a; © A*z)|| 2 = ||w © A^z\\ 2 for any fc G N. Taking into account 
that linife^oo Y,\ a \=k \\ S >\\ 2 = and E|a|=fc ||C£A*.?[| 2 < ll A *^ll 2 > we deduce that ui = 0. On the other 
hand, since © A^z £ H, we must have (0 © A^z, tyu © A^u) = for any u £ F 2 (H n ) © £*, which 
implies A^z = and proves our assertion. 

Since A is a completely non-coisometric row contractions and <?, the inverse of / with respect to the 
composition, is a bounded free holomorphic function on the unit ball [B(H) n ]i, it makes sense to talk 
about g(A) :— (51(A), . . . ,g n (A)) using the functional calculus for c.n.c. row contractions (see [13]). 
Since / £ A4 b , setting T := (Ti, . . . , T„), where Tj = gi(A), and using Proposition 12.21 we deduce that 
T £ WJ lc (U). Consider the unitary operator V acting from the Hilbert space (H 2 (/)©£)©A e (H 2 (/) © £*) 
to (F 2 (H n ) <g> £) © Ay(F 2 (H n ) <g> £») and defined by 

r = (U ® I s ) ® (U ® I £m ). 

As in the proof of Theorem l2.31 one can show that T, is a bounded operator on H and Tj = (r | h ) ~ 1 (r | h ) , 
i = 1, . . . , n. Consequently, we have T £ B™ C (H), which proves the first part of the theorem. 

To prove the second part of the theorem, we assume that is purely contractive, i.e., ||Pg0(l <E>x) \\ < 
\\x\\ for any x £ and 

A e (H 2 (/)©^) = A e (V? =1 M ft (W 2 (f)®£*)). 
These conditions imply that 'J is purely contractive and 

A*(F 2 (H n ) WE*) = A^[(F 2 (H n ) ® £7) © £*]. 

According to Theorem 4.1 from [11], the multi-analytic operator ^ coincides with the characteristic 
function a of the row contraction A = [Ai, . . . , A n ]. 

Note that the characteristic function of T = 17(A) £ Bf nc (H) is 

6 /iT = (U*® I)Q m (U®I) = (U* <E>I)Q A {U <E>I). 

Since Tj = (r|H) -1 Ti(r|H), i = 1, . . . ,n, we also have that the characteristic functions 0/,t and 9/,t 
coincide. Combining these results with the fact that (U* © Ie,)^(U © Ig) = 0, we conclude that 
coincides with 0/.t- The proof is complete. □ 



3. Dilation theory on noncommutative domains 

In this section, we study the ^-representations of the C*-algebra C* (Mz ± , . . . , Mz n ) and obtain a Wold 
type decomposition for the nondegenerate ^-representations. Under natural conditions on the n-tuple 
/ = (/1, . . . , /„) of formal power series, we show that any n-tuple T = (Ti, . . . , T n ) of operators is in the 
noncommutative domain Mf(H), has a minimal dilation which is unique up to an isomorphism. We also 
provide a commutant lifting theorem for Mf(TL). 

Proposition 3.1. Let f = ••-,/«) be an n-tuple of formal power series in the class A4" and let 
(Mz i; ■ ■ ■ ,Mz n ) be the universal model associated with Mf. Then all compact operators in B(M 2 (f)) are 
contained in C* {Mz 1 , ■ ■ • , Mz„ ) ■ 
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Proof. Since / € M. " , the universal n-tuple (M Zl , ■ ■ ■ , Mz n ) is in the set of norm-convergence (or radial 
norm-convergence) for / and, consequently, the operator fi(Mz) is in span{M Zcl M% : a,/? € F+}. 
Taking into account that / = (/i, ...,/„) is an n-tuple of formal power series with the model property, 
we have Mf i = fi(Mz x , ■ • . , Mz„)- On the other hand, the orthogonal projection of H 2 (/) onto the 
constant power series satisfies the equation Pc = I — Ym=i fi(Mz)fi(Mz)*- Therefore, Pc is also in the 
above-mentioned span. Let q(M z ) := J2\ a \<m a a[f( M z)) a and let £, := X^ eF + b pfp e ^ 2 (f)- Note 

Pcq[Mz)*(i = Pc n « M }J= Y ^ aba 

|a|<m |a|<m 

= U Y a «/«) = (U{M z )l). 

\ | a | < m / 

Consequently, if r(M z ) := J2\~,\< P c iif( M z)h, then 

(3.1) r(Mz)P C q(M z yt = (£, q(Mz)l) r(M z )l, 

which shows that r(Mz)Pcq(Mz)* is a rank one operator in B(M 2 (f)). Taking into account that the 
vectors of the form J2\ a \<m a a[f(Mz)] a l, where m S N, a a 6 C, are dense in H 2 (/), and using relation 
(|3.ip . we deduce that all compact operators in £?(H 2 (/)) are in span{Mz a M^ : a, ft £ F+}. The proof 
is complete. □ 

The next result, is a Wold type decomposition for nondegenerate ^representations of the C*-algebra 
C*(M Zl ,...,M z J. 

Theorem 3.2. Let f — (/i, . . . , /„) be an n-tuple of formal power series in the class Af" and let 
(Mz-l, ■ ■ ■ , Mz„) be the universal model associated with Mf. If tt : C* {Mz 11 - ■ ■ , Mz n ) B(JC) is a 
nondegenerate * -representation of C*(Mz 1 , ■ ■ ■ , Mz n ) on a separable Hilbert space IC, then tt decomposes 
into a direct sum 

tt = ttq © 7Ti on K = Kq®K,\, 
where tt$, tti are disjoint representations of C*{Mz 1 , ■ ■ ■ ,Mz n ) on the Hilbert spaces 



/Co :=span<i ix(M z „) ( l->JMUz, ) tt( M z ,. ) )/, f rrf M Zl ) rtU z ,.)V \ K : a ■■- .?,; 

and /Ci := /Cjj - , respectively, such that, up to an isomorphism, 

(3.2) /C ~H 2 (/)©a, 7r (X)=X®/ e , leC*(M Zl ,...,M z J, 

/or some Hilbert space Q with 

dimg = dim range ( I- Y fi(ir(M Zl ), . . . ,7r(M z J)/ i (7r(A/ Zl ), . . .,7r(M z „))* 
V i=l 

and 7Ti is a ^-representation which annihilates the compact operators and 

n 

Y fi fa (M^ ),..., TTl (M Z „ (M Zl ),-.., 7TX (MjfJ)* = I Kl . 

z=l 

Moreover, if tt' is another nondegenerate * -representation of C*(M Zl ,- ■ ■ , Mz n ) on a separable Hilbert 
space K.' , then tt is unitarily equivalent to tt' if and only if dim Q = dimC?' and tt\ is unitarily equivalent 
to tt'i . 

Proof. Since / = (/i, . . . , /„) is an n-tuple of formal power series in the class A-l", Proposition ^ . 1 1 implies 
that all the compact operators in £>(H 2 (/)) are contained in C*(Mz 1 , ■ ■ ■ ,Mz„). The standard theory of 
representations of C*-algebras shows that the representation tt decomposes into a direct sum tt — tto © m 
on /C = /Co © /Ci , where 

/Co :— span{7r(X)/C : X is compact operator in B(M 2 (f))} and /Ci := K,q, 
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and the the representations nj : C*(M Zl , ■ ■ ■ ,M Zn ) — > JCj are defined by itj(X) := n(X)\ic :j , j = 0, 1. 
The disjoint representations 7To, tt± are such that %% annihilates the compact operators in i?(H 2 (/)), and 
7To is uniquely determined by the action of 7r on the ideal of compact operators in £?(H 2 (/)). Taking into 
account that every representation of the compact operators on H 2 (/) is equivalent to a multiple of the 
identity representation, we deduce relation (|3.2p . Using the proof of Theorem 13.11 we deduce that 

/Co := span{7r(X)/C : X is compact operator in i?(H 2 (/))} 

= span{7r(M z „P c M^)X; : a,0 € F+} 

= span L(M Za ) (i- fi«M Zl ), . . . ,n(M z „))fi(n(M Zl ), ■ ■ .,n(M Zn ))^j K : a E F+| . 

Now, since Pc = 1 — ^27=1 h(M Zl , . . . , M Zn )fi(M Zl , . . . , M Zn )* is a rank one projection in the C*-algebra 
C*(M Zl , . . . , M Z J , we have 

Y,MMM Zl ), . • .,MMz n ))fi(ni(M Zl ), . . .,Tn(M Zn )y = I Kl 

i=l 



and 

dimC? = dim [range 7r(Pc)] = dim 



range I - £ Mtt(M Zi ), . . . , 7r(M z J)/ i ( 7 r(M Zl ), . . . ,7r(M z „))* 



To prove the last part of the theorem, we recall that, according to the standard theory of representations 
of C*-algebras, 7r and n' are unitarily equivalent if and only if 7To and ir' (resp. tt± and ir[) are unitarily 
equivalent. On the other hand, we proved in [27] that the C*-algebra C*(M Zl , . . . ,M Zn ) is irreducible 
and, consequently, the n-tuples (M Zl <g) Ik., ■ . ■ , M Zn ®Ik) is unitarily equivalent to (M Zl ® I/c, . . . , M Zn ® 
IfC 1 ) if and only if dim/C = dim/C'. Hence, we conclude that dim(/ = dimC?' and complete the proof. □ 

We introduce the class M. h rad of all formal power series / = (/i, . . . , /„) with the property that there 
is 5 G (0, 1) such that rf G A4 b for any r G (5, 1]. We remark that in all the examples presented in [27] . 
the corresponding n-tuples / = (fi,-.-,f n ) are in the class M^ ad C M b rad . Moreover, the n-tuple of 
polynomials with property (A) are also in the class M rad - The coisometric part of Mf(H) is defined as 
the set 



W } (U) := {X = (X x , . . .,X n ) G M f (U) : £ fi(X)fi(X)* = 1} 



Proposition 3.3. Let f = (fx, . . . , /„) be an n-tuple of formal power series with the model property and 
let g — (</i,... ,g n ) be its inverse with respect to the composition. If f satisfies either one of the following 
conditions: 

(i) / G M b rad ; 

(ii) / G MradHM^; 

(iii) / eM" and g G A„, 

i/ien Mf(H) = g ([B(H) n ]i) . Moreover, in this case, g : [B(H) n ]i — > Mf(7i) is a bijection with inverse 
f : M f (U) -> [P(H)™]r. In particular, g([B(U) n ]i) = W f (U). 



Proof. Assume that condition (i) holds. Since Mf(H) C g (\B(H) n ] l ), it remains to prove the reverse 



inclusion. Let Y := g(X) with X = (X\,. . . ,X n ) G [5(H)™] 1 . Assume that fa := X) a eF+ c " 



z = 1, ... ,n. Since / = (/i, . . . , /„) has the radial approximation property, gi := X)agF+ a «'^« is a f ree 
holomorphic function on [B(H) n ] 1 for some 7 > 1. Moreover, there is 6 G (0, 1) with the property that 

for any r G (5, 1], the series 9i(^S) := J2T=o J2\ a \=k Tf^l^a is convergent in the operator norm topology 
and represents an element in the noncommutative disc algebra A n , and 

-Sj = fj (gi (~ S J ,---,9n (- s ) J > 3 G {l,...,n}, r G (5,1], 
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where g(^S) is in the SOT- convergence (or radial SOT-convergence) of / and S — (Si, . . . ,S n ) is the 
n-tuple of left creation operators on the Fock space F 2 (H n ). Since / G M b rad , we deduce that one of the 
following conditions holds: 

(a) £Sj = S0T-lim m ^ oo J2\ a \< m c i ag a (^S) and 



sup 

mGN 



E 

a | <rr< 



< oo, 



i = l, 



(b) iSi = SOT-li m7 _ >1 E^oEH= fc cL <) 7 |a| «7a(iS) and 



sup 

7£[0,1) 



E E W 1 * f is 



fe=0 |ct[=fc 



< 00, 



i = 1, . 



As in the proof of Proposition 12. 2| using the fact that the noncommutative Poisson transform P r x , 
r G (6, 1), is SOT-continuous on bounded sets, we deduce that that Xj = fj(g(X)) for j = 1, . . . ,n. This 
also shows that g is one-to-one on [B('H) n ]^. On the other hand, the relation above implies Y — g(X) = 
g(f(g(X))) = g(f(Y)) and ||/(Y)|| < 1, which shows that Y e M f (H). Therefore, M f (H) = g ([-B(K)"]V) 
and / is one-to-one on Mf(H). Hence, we also deduce that g([B(H) n ]l) = Mj(H). Similarly, one can 
prove this proposition when condition (ii) or (Hi) holds. The proof is complete. □ 

Theorem 3.4. Let f = (fi, . . . , /„) be an n-tuple of formal power series with the model property and 
let (M Zl , ■ ■ ■ ,Mz„) be the universal model associated with B/. If f G and it is a * -representation of 
C*(M Zl ,...,M Zn ), then 

[/rMMzJ, . . . , tt(M z J), . . . , f n (n(M Zl ),..., tt(M z J)] 

is a row isometry. 

Conversely, if f G -^rad or f e -Mmd H M.", and [W\, . . . , W n ] G B(K) n is a row isometry, then 
there is a unique * -representation ir : C*(M Zl , . . . , M Zn ) — > B(fC) such that ir(M Zi ) = gi(W%, . . . , W n ), 
i = 1, . . . , n, where g = (gi, . . . , g n ) is the inverse of f with respect to the composition. 

Proof. Let fi have the representation fi = E^eF 4 " c„ Z a . Assuming that / G we deduce that 



Er=o E H=fc c « M z* OT h(M Zl ,...,M Zn ) = lim^x £~ E|«|=* r^c<£ M Za where 



|a|=fe ' 



fi(M Zl , 

the convergence is in the operator norm topology. In either case, if n : C*(M Zl , . . . , M Zn ) — > B(K) is a 
^-representation, we have 

7r(fi(M Zl M Z J) = /i(7r(M Zl ), . . . , tt(M z J), i = 1, . . . , n, 

and, taking into account that fi(M Zl , . . . , M Zn ) = M/ 4 , we obtain 

fi(n(M Zl ), 7r(M z J)*/ i (7r(M Zl ), . . . , tt(M z J) = n(M%M fi ) = 

for any i,j = 1, . . . ,ra. Therefore, [/i(7r(M Zl ), . . .,7r(M z J), . . . , f n (n(M Zl ), . . .,7r(M z „))] is a row isom- 
etry. 

Conversely, assume that / G M b rad or / G M ra d D 7W" and [Wi, . . . , W„] G B(K) n is a row isometry. 
Let g = (pi, . . . , g Tl ) be the inverse of / with respect to the composition and let gi := E a eF+ Z a . Since 
/ has the radial approximation property, we deduce that g is a free holomorphic function on [B('H) n ]~ l 
for some 7 > 1. Consequently, gi(W\, ■ ■ . , W„) = J2kLo E|a|=fc a « "ai where the convergence is in the 
operator norm topology. Applying Proposition 13. 3\ we deduce that (gi(W), . . . , g n (W)) G B/(/C) and 
/iCffxCWO, ■ • ■ , ff„(WO) = Wi fori = 1, . . . , n. 

According to [27], since / = (fi, . . . , /„) has the radial approximation property and (gi(W), . . . , g n (W)) G 
B / (K.) , there is a unique unital completely contractive linear map 

n:C*(M Zl ,...,M Zn )^ B(K) 
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such that 

(3.3) ir(M Za M^) = g a (W)g p (W)*, a,/3 6 F+. 

On the other hand, since [Wi, . . . , W n ] £ B{K) n is a row isometry, we deduce that 

/ oo oo \ 

(9i(Wr gj (W)x,y) = lj2 E a f W ^H E ^w a y) 

\fc=0 |^3|=A; k=Q\u\=k I 

I oo \ 



m— >oo 

\|a|<mfc=0 |£|=fc 



= J™, E E E 8 « a ? » 

\|a|<mk=0|£|=fc / 

= lim ai ! 'o^ (x, y) 

m— >oo * — * 

|a | <m 



fc=0 |a|=fe 

= (Zj, ^) H 2(y) \x, y) 
for any x, y € K.. Hence, and using the fact that 

we deduce that ir(M'^.Mz j ) = ir(Mz i )*it{Mz :j )- Therefore, taking into account relation (|3.3|) and the 
fact that C*{Mzn ■ ■ ■ ,Mz n ) coincides with span{A/^ o ,M^ : a, j3 € ^n}) we conclude that 7r is a *- 
representation of C*(Mz 1 , ■ ■ ■ , Mz n ). The proof is complete. □ 

Corollary 3.5. Let f = (/i,...,/„) be an n-tuple of formal power series in the set M ra d H .M". 
XTien any -^-representation it : C*(Mz 1 , ■ ■ ■ , Mz n ) — > B(JC) is generated by a row isometry [Wi, . . . , W n ], 
Wi &B{K), such that 

n(M Zi ) = gi(Wi,...,W n ), i = l,...,n. 

We remark that, in the particular case when / e M r ad(~*i M)\ one can use Corollary [33] and the Wold 
decomposition for isometries with orthogonal ranges [10] , to provide another proof of Theorem 13.21 

Let T := (Ti, . . . , T n ) e Mf(H). We say that an n-tuple V :— (VI, ... , V n ) of operators on a Hilbert 
space K. D TL is a minimal dilation of T if the following properties are satisfied: 

(i) (Vi,...,V n )eB / (/C); 

(ii) there is a ^representation 7r : C*(Mz ± , ■ ■ ■ , Mz n ) — > B(K) such that n(Mz i ) = Vi, i = 1, . . . , n; 

(hi) v?\ u =T:,i = i,...,w 

(iv) /C = V Q£F + 

Without the condition (iv), the n-tuple V is called dilation of T. We remark that if / € Mrad H 
then the condition (i) is a consequence of (ii). 

Theorem 3.6. Let / = (/i, • • • , /n) &e an n-tuple of formal power series in the set M h rad or M ra d H jM" 
and Zet 5 = (gi, . . . , g n ) be its inverse with respect to the composition. If T — (Ti, . . . , T„) is m i/ie 
noncommutative domain Mf(H), then it has a minimal dilation which is unique up to an isomorphism. 
Moreover, its minimal dilation coincides with (gi(W), . . . , g n {W)), where W = (Wi,...,W n ) is the 
minimal isometric dilation of the row contraction (/i(T), . . . , f n (T)) on a Hilbert space K, O TL. 

Proof. Since (/i(T), . . . , f n (T)) is a row contraction, according to [10) . there is a minimal isometric 
dilation W = (Wi, . . . ,W n ) e B(JC) n with K O %. Therefore, we have W*W 3 = 5 l3 I K , W*\ H = fi(T)* 
for i = 1, . . . ,n, and JC = V Q eF+ WaH. Applying Proposition 13.31 we deduce that (<?i(W), . . . ,g n (W)) <E 
B/(/C) and /<(5i(W), . . . ,g n (W)) = Wi for i = l,...,n. Since / G .Mrad, for each z = l,...,n, we 
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have that gt — 5Z QgF + a <x Z a is a free holomorphic function on [B{T-L) n ] 1 for some 7 > 1. Consequently, 

9i(W) = J2kLoJ2\ a \=k a * )w a and 9i(f( T )) = Efclo J2\ a \=k a ^ I/( T )]« where the convergence is in the 
operator norm. Hence, and using the fact that W*\-h = fi(T)*, we obtain 

9i(W)*\ n = 9i(f(T))*\ n , i = l,...,n. 

Now, using relation T{ = gj(/(T)), we deduce that gi{W)*\u = T*\n for i — l,...,n. Note also 
that \/ ae¥ +[g(W)] a H C V Q gF+ W 7 ^^ = To prove the reverse inclusion, one can use the relation 
fi(gi(W), . . . , g n {W)) = Wi for % = l,...,n, and the fact that (<?i(W), . . . ,g n (W)) is either in the 
convergence set Cf OT (K.) or C™ d (/C). The fact that there is a ^-representation n : C*(M Zl , • ■ • , M Z J -> 
£>(/C) such that ^(M^) = g%{W) for any i = 1, . . . , n, follows from Theorem 13.41 

To prove the uniqueness, let V — (Vi, . . . ,V n ) and V = (V{, . . . , V£) be two minimal dilations of 
T = (Ti, . . . ,T„) e Bf(H) on the Hilbert space K.D'H and /C' D respectively. Let a := g h ■ ■ ■ g lk £ F+ 
and [3 := g h ■ ■ ■ g jp £ F+. Note that V?Vj = n(M} t )ir(M Zj ) = (Z h Zi) m(f) I K for i,j = l,...,n. 
Consequently, if k > p and k^ £ %, then 

(vZVphW, = ((%, ^) • • • (z jp> z ip ) V* ■ ■ ■ V* +i hW, fc<°>) 
= (z n ,z n ) ■ • ■ (z jp ,z ip ) (r* k ... T* p+1 h^\ fc<«>) . 

When p > k, we obtain 

(v;VphW,kM) = (Z n ,Z n ) ■ ■ ■ (Z Jh) Z ih ) (h^\T ik+1 • ■■T ip k^) , 

and, if k = p, we have (V*Vph^\k^) = (Z h ,Z ix ) ■ ■ ■ (Z jk , Z lk ) (h^\ fcM) . Similar relations hold for 
the minimal dilation V' — (V{, . . . , V^). Hence, and taking into account that the dilations are minimal, 
i.e., K = V Q gF+ and K! — \J ae¥ + V^H, one can easily see that there is a unitary operator U : K — > K! 

such that U (j2\ a \< m v <* h(a) ) = H\ a \< m K h(a) for an Y h(a) G ^ \ a \ < m , and m £ N. Consequently, 
we deduce that UVi = V(U for any i = 1, . . . , n. The proof is complete. □ 

Using Theorem 13.61 and Theorem 13.41 we deduce the following result. 

Corollary 3.7. Let f = ( fi, . . . ,/„) be an n-tuple of formal power series with the model property and 
letT=(T 1 ,...,T n )eB f (H). 

(i) If f £ M b rad or f e MradHM^, then (gi(W) , . . . , g n (W)) is a dilation of T = (T u ...,T n ), 
where W = (W\, . . . , W n ) is an isometric dilation of the row contraction (/i(T), . . . , f n (T)). 

(ii) If f £ M 11 and V = (Vi,...,V n ) £ %(/C) is a dilation of T , then (fi(V), . . . , f n {V)) is an 
isometric dilation of (/i(T), . . . , f n (T)). 

We remark that under the conditions and notations of Theorem 12.51 fsee also the proof), if / £ M. b rad , 
O is purely contractive, and 

A e (H 2 (/) ® 87) = A e (V? =1 M /4 (H2(/) ® £*)), 
then, considering H as a subspace of 

K := (H 2 (/) ® £) ffi A e (H 2 (/)®£,)), 
one can prove that the sequence of operators V := (Vi, . . . , V„) defined on K by 

Vi := (M Zi <8) I £ ) © Di, i = l,...,n, 

is the minimal dilation of T := (Ti,...,T„) £ B^ nc (H). Indeed, according to Theorem 4.1 from [TT] . 
the multi-analytic operator VP coincides with the characteristic function 0a of the row contraction A = 
[Ai, . . . , A„]. Moreover, the n-tuple W := [Wi, . . . , W„] defined on K, is the minimal isometric dilation 
of A. Consequently, W := [Wi , . . . , W„] is a row isometry, W*|^ = A* for i = l,...,n, and K. = 
V a eF + W a H. On the other hand, since / = (/1, . . . , f n ) has the radial approximation property, we have 
<?i(Wi, . . . , W„) = gi(S%, . . . , S n ) © gi(C%, . . . , C„), where the convergence defining these operators is in 
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the operator norm topology. Now, it easy to see that <?i(Wi, . . . , W„)*|^ = ffi(Ai, . . . , A„)* = T* and 
K, = V Q£F + J a (Wi, • • ■ , W n )H. Note also that V, ; = r^ftfWi, . . . , W n )I\ i = l,...,n. Taking into 
account that r = (U <£> £) ffi (U <8> if, ) is a unitary operator with the property that L(H) = H, we deduce 
that Vi*|n = Tj, i = 1, . . . , n and K = \/ ae¥ + V Q H. Using Theorem 13.61 we deduce that (Vi, . . . , V„) 
is the minimal dilation of (Ti, . . . , T„), which proves our assertion. 

In what follows, we provide a commutant lifting theorem for the noncommutative domains Mf. 

Theorem 3.8. Let f = (/i, . . . , /„) be an n-tuple of formal power series in the set A4 ra d H M.". Let 
T = (Ti,...,T„) G M f (H) andT = (T{, . . . , T/J G M f (H'), and let V = (V 1 ,...,V n ) G %(£) and 
V' = (V{, . . . , V^) G Mf(K.') be dilations of T and T' , respectively. Lf X : % —> H' is bounded operator 
satisfying the intertwining relations XTi — T[X for any i = 1, . . . n, then there exists a bounded operator 
Y : K —± K! with the following properties: 

(i) YVi = V'Y for any i = 1, . . . n; 

(ii) Y*\ H =X* and \\X\\ = \\Y\\. 

Proof. According to Corollarv l3.71 since / G M. ra d^M^ , there are isometric dilations of any n-tuple T = 
(Ti,...,T„) G M f (n). Let V = (Vi,...,V n ) G B/(/C) be a dilation of T. Then V*\ n = T*, i = 1, . . . , n, 
and there is a *-representation tt : C*(Mz 1 , ■ ■ ■ ,Mz n ) B{K.) such that 7r(M^) — Vi, i — 1, . . . ,n. Let 
fi have the representation fi = ^2 aeV + c'a Z a . Taking into account that / G M^, we deduce that 

MM Zl ,...,M Zn ) = Xr=o£ H = fc c«Mz„ or fjM X! \l x : - lim^i J2kL E|a|=]fe r^c^Mz^ 

where the convergence is in the operator norm topology. Consequently, we have 

fi{Vi, ...,V n ) = fMM Zl ), . . .,tt(M z J) = %{fi(M Zl ,. . .,M Zn ), i = l,...,n, 

and 

fi(Vi, . . . , V n fh{V u . ..,V n )= n(fi(M Zl , . . . , M*Ji(M Zl , . . . , M Z J) 

= TT(M}M h ) = 5 l0 L K 

for any i,j = l,...,n. Since V*\ H = T*, we also have f l (V 1 , . . . , V n )*\ H = fi(T 1} . . . , T n ) for any 
i = 1, ... ,n. This shows that (fi(V), . . . , f n {V)) is an isometric dilation of (fi(T), . . . , f n (T)). A similar 
results holds if V = (V{, . . . , V^) G B/(/C') is a dilation of T' = (T/, . . . , tJ G M f (H'). Now, we assume 
that X : H — > H! is a bounded operator such that XTi — T[X for i — l,...,n. Hence, we deduce 
that X fi(T) = fi{T')X, i — 1, ...,n. Applying the noncommutative commutant lifting theorem for 
row contractions [TU], we find an operator Y : JC — > K! such that Yfi(V) — fi{V')Y for i = 1, . . . , n, 
Y*\ w = X*, and ||F|| = ||A||. Consequently, we have Y gi (f(V)) = gi(f(V'))Y, i = Since 
ffi(/(V)) = Vi and gi(f(V')) = V, we conclude that YV = V(Y for any i = The proof is 

complete. □ 



4. Noncommutative varieties, constrained characteristic functions, and operator 

MODELS 

We present operator models, in terms of constrained characteristic functions, for n-tuples of operators 
in noncommutative varieties Vj n j(H) associated with WOT-closed two-sided ideals J of the Hardy algebra 
H°°(Mf). This is used to show that the constrained characteristic function 6/,t,j is a complete unitary 
invariant for Vj n j(TL). 

Let / = (/i, . . . , /„) be an n-tuple of formal power series with the model property. The noncommu- 
tative Hardy algebra H°°(Mf) is the WOT-closure of all noncommutative polynomials in M Zl , . . . ,M Zn 
and the identity. According to [27], J is a WOT-closed two-sided ideal of H°°(Mf) if and only if there is 
a WOT-closed two-sided ideal X of the noncommutative analytic Toeplitz algebra F£° such that 



J = M/(M Z )) : <p G X}. 
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We mention that if (p(Si, . . . , S n ) £ F.£° has the Fourier representation ip(Si, . . . , S n ) — X) ag f+ Ca 

S 

then 

oo 

<p(f(Mz)) :=SOT-limV V c a r^ [f(M z )] a 

r— >1 — ' * — ' 

k=0 \ a \=k 

exists. Denote by i?°°(V/,j) the WOT-closed algebra generated by the operators Bi :~ Pj^ f ^Mz^N.j, 
for i = 1, . . . , n, and the identity, where 

A/},./ := H 2 (/) e M f>J and M f ,j := JH 2 (/). 

We recall that the map 

T : H°°(B f )/J B{N f j) defined by T(<p + J) = P Xf ^\ NfJ 

is a completely isometric representation. Since the set of all polynomials in Mz 1 , ■ • ■ , Mz n and the 
identity is WOT-dense in H°°(Mf), we can conclude that Pj\r f jH°°(Mf)\j^ f , is a WOT-closed subalgebra 
of B{Af f ,j) and, moreover, 2P°(V/,j) = Pa/},., # ^(B/)!^ ■ 

Given an n-tuple T = (Ti, . . . , T„) £ Mf(H), we consider the defect operator 

A/,t := ^-E/,(T)/,(Trj 

and the defect space 2?/,t '■— A/yH. Define the noncommutative Poisson kernel : % — ► KI 2 (/)<g)r>^ 
by setting 

(4.1) K ftT h:= J2 f<*® A f,T[f( T )]* a h, hGH. 

Let J 7^ i?°°(B/) be a WOT-closed two-sided ideal of H°°(Mf). The constrained Poisson kernel associated 
with /, T, and J is the operator Kf t T,j : 'H — > A//,j ® 2?/,t defined by 

#/,r,J := {PM f ,j®Iv ttT )K }>T . 

We remark that if -0 = ip(f(Mz)) for some <p(Si, . . . , 5„) = X] QgF + c^Sq, in the noncommutative analytic 
Toeplitz algebra F™, and T := (Ti, . . . ,T„) is a c.n.c. n-tuple in B/(H), then /(T) = (/i(T), . . . , /„(T)) 
is a c.n.c. row contraction and, due to the F^°-functional calculus [13], the limit 

oo 

^{T x ,...,T n ) :=SOT-limV V c a r^[f(T)] a 

r— >1 — ' — » 

fc=0 |a|=fe 

exists. Therefore, we can talk about an (By ^functional calculus for the n-tuples of operators in 
Wp c (%). We introduce the noncommutative variety Vpj^hL) C Mf(H) defined by 

V c f n j(H) := { (Ti, . . . , T n ) £ Mf c {H) : ^T lt . . . , T n ) = for any i> £ J) . 

Note that tp(Bx, . . . ,B n ) = for any ijj £ J. The n-tuple 5 = (Bi, . . . , B n ) £ Vffi(Aff,j) will play the 
role of universal model for the noncommutative variety Vj n j . 

Proposition 4.1. Let f — (/i, . . . , /„) be an n-tuple of formal power series with the model property and 
let J ^ H°°(Mf) be a WOT-closed two-sided ideal of H°°(M f ). If T := (T 1 ,...,T n ) is an n-tuple in 
V c f n j c (H), then 

Kf tT ,jT* = (B* ® Iv ftT )Kf, T ,j, i=l,...,n, 

and 

K* ftTt jK f , T ,j = lH-80T-]hn £ [/(T)] Q [/(T)];, 
where Kf t x,j is the constrained Poisson kernel associated with f , T, and J. 
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Proof. The fact that 



(4.2) K S . T T* = (Ml®I VfT )K f . T , i = l,...,n, 

was proved in Theorem 4.1 from |27j . Now, we show that 

Krr.li; = (B* ® I VfiT )Kf, T ,j, i = l,...,n, 

where K^t,j is the constrained Poisson kernel associated with /, T, and J. Note that, due to relation 
(l4~2l). we have 



(4.3) K* ftT (j>(M Zl ,. . . , M Zn ) ® I Vlt ) = p(Tx, . . . , T n )K* f>T 

oo 

for any polynomial p in M Zl , • ■ ■ > M Zn . If f(Si, ■ ■ ■ , S„) := X) S a aS a is in F£°, then, for any 

k=0 \a\=k 

oo 

< r < 1, (f r (Sx, . . . , S n ) '•= S S r ' a ' a a*S'a is in the noncommutative disc algebra *4 n . Consequently, 

fc=0 |a|=fc 



lim E E ^ |Q '«a[/(M Z )] Q =^(/(Af Z )) 
m— >-oo * — » z — » 
fc=0 |ce|=fe 

in the norm topology and, using relation (|4.3I) we obtain 

for any <p(Si, . . . , S n ) 6 F™ and < r < 1. Since T £ B™ C (H) and M z := (M Zl , . . . , M Z J E 
B p " re (H 2 (/)), we can use the F^°-functional calculus for row contractions. We recall that the map 
A h-> A (g) 7 is SOT-continuous on bounded sets of B{F 2 (H n )) and, due to the noncommutative von 
Neumann inequality [12], we have \\tp r (f(M z )) \\ < \\<p(Si, ■ ■ ■ , <S„)||. Therefore, we can take r — > 1 in the 
equality above and obtain 

K* f)T (ip(f(M z )) ® J^) = <p(f(T))K] tT 
for any (p(Si, . . . , S n ) £ -F 1 ,? - Consequently, we have 

(4.4) Kf T (ifj ® / C/ r ) = i>(T)K} jT , V £ ff°°(B/), 
which implies 

® Iv f , T )Kf,Th, 1 <8> fc) = (K f , T ip(T)*h, 1 ® fc) 
for any ^ £ _ff°°(B/), h d H, and fc £ Z?/,t- Hence, and using the fact that VKT) = for -0 £ we 
obtain (K ' f^ph,rp{\) ® k) = for any h E H and fc 6 2?/,t- Taking into account the definition of Mf,j, 
we deduce that Kf^CH) C A//,j ® ^/,t- This shows that the constrained Poisson kernel Kf y T,j satisfies 
the relation 

(4.5) K fiT ,jh = (P NfJ ® T ) Kf^h = K ftT h, heU. 

Since J is a left ideal of H°°(Mf), A//,j is an invariant subspace under each operator M z ,...,M Z 
and therefore B a = Psf fiJ M Za \Af fi j for a e F+. Since {B u ...,B n ) £ B^^A/},,/), we can use the 
iJ°°(Bf )-functional calculus to deduce that 



(4.6) X (Bi, ...,B n ) = P NfjX {M Zl , . . . , M Zn )\ NfJ 

for any x £ H°°(Bf). Taking into account relations (14.4[) . (|4.5p . and (14.61) . we obtain 

Kf, T ,Jx(Ti, ■ • .,T„)* - (Ptf fiJ ® [x(M Zl) . . . , M Z J* g> Jt, /iT ] (Pw w ® ) # />T 



K 



f,T,J 



= (Pjs fiJ x(M Zl ,...,M Zn )\N ftJ ) ®/x) /iT 
Therefore, we have 

K f , TyJX (Ti,...,T n )* = [x{B x ,.,.,B n )*®I VftT \K f>T 
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for any x(Bi, • ■ • , B n ) e H°°(Vf,j). In particular, we have Kf,T,jT? = {B*®I-D UT )Kf,T,J for i = 1, . . . , n, 
which proves the first part of the proposition. 

Due to relation (14.51) and the definition of the Poisson kernel, we have 

2 



A' A , .,..,/,./, = \\K LT h\\ 2 = lim 



q—^oo 



E /*®A /iT [/(T)]> 

a€F+,|a|<g 



HP(/)«>"H 



= lim E <[/CT)]«^, T [/(2XM) 

a— Von ' ^ v J ' ' 



a£F+,|a|<g 



~}™L [\ E l/( r )]°t/( r )]a M) 

for any h 6 H. Since [/i(T), . . . , / n (T)] is a row contraction, the latter limit exists. The proof is 
complete. 

Corollary 4.2. If T = (Ti, . . . , T n ) is a pure n-tuple of operators in Vf n j(H), then 

T a T$ = Kfcj[B a B$) ® /]Jr /lT ,j, ",/3e F+ 

and 



□ 



E &CTl> • • • i T n )qi(Ti, T n y 



< 



E 9i{Bi, • ■ • , B n )qi(Bi, . . . , B n ) 



/or any qi € C[Zi, . . . , and to G N. Moreover, 

||x(Ti,...,T„)|| < ||x(Bi,...,B„) 

/or any % G i? c 



Let J be a WOT-closed two-sided ideal of the Hardy algebra H°°(Mf). We define the constrained 
characteristic function associated with an n-tuple T := (Ti, . . . ,T„) e V^ n j(H) to be the multi-analytic 
operator with respect to B\, . . . , B n , 

S/,t,j(Wi,...,W„) :Af f ,j®V ftT , -^N f ,j®V f , T , 

defined by the formal Fourier representation 

-I^ fj ®f(T)+{l Nj . , ® A />r ) ^v>,.,»* - E ® ^( T )*^ t^i ® 7 «> • ■ • ' w » ® 7 «1 (^/w ® A/,t-) , 

where Wi := P/Vj, jAjItv) 7 , i = l,...,n, and Ai,...,A„ are the right multiplication operators by the 
power series /j on the Hardy space H 2 (/). 

Theorem 4.3. Let f = (/i, . . . , /„) be an n-tuple of formal power series with the model property and let 
J ^ H°°(Mf) be a WOT-closed two-sided ideal of H°°(Mf). IfT := (Ti, . . . , T n ) is an n-tuple of operators 
in the noncommutative variety Vpf^H), then T is unitarily equivalent to the n-tuple T := (Ti, . . . ,T n ) 
in V c f y(U) where: 

(i) the Hilbert space H is defined by 



H 



(A/), j 8> P/,r) © Ae / T J (A/>,j ® %,t*)J © {6/, t ,j/ © &e f , T ,jf ■ f G A/>,j ® £>/,r«} , 

1/2 



where A© , T ; 



= ( I - 0/ jT ,J /,T,J 



(ii) eac/i operator Ti, i = 1, . , . ,n, is uniquely defined by the relation 

(-PjV/,j!B)X> />t |h) T*x = (B* <g> 7d /iT ) (TV/.j^C/.tIh) x e H, 

where Ptf, jtg,Vf t\h * s a one-to-one operator, Pj\Tt j®T> f T * s ^ e orthogonal projection of the 
Hilbert space (A//,j ® 2?/,t) © A© j(A//,j © 2?/,t*) fie subspace A/"/,j © P/,t, a»id : = 

PN ftJ M Zi |jv>, j / or anyi = l,...,n. 
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Moreover, T is in V^ u J e (T-L) if and only if the constrained characteristic function Q/,t,j is a partial 
isometry. In this case, T is unitarly equivalent to the n-tuple 

{Pa(Bi ®Iv,, T )\n,---,Pn(B n ®/d /iT )|h) , 

where Ph is the orthogonal projection o/A//,j ©X>/,t onto the Hilbert space 

H = (JV fJ ® V LT ) © 9 flT ,jWf,J ® V f-T*)- 

Proof. Taking into account that Aff j is a co-invariant subspace under Ai, . . . , A n , we can see that 

Q T (A 1 ,...,A n )*(Aff,j®V f>T ) C and 

PN f ,j®Vf, T ®f,T{^U ■ ■ ■ , K)Wf,J © Vf,T* = 9f,T,j(Wl,. ■ • , W n ). 

Hence, using relation Kf^Kf T + 6/,t©}t = In 2 (f)®T> fT ( see EU); the fact that range ~K/,t C A//,j ® 
P/,t and W* = A* \j^ f 7 , i = 1, . . . , n, we deduce that 

( 4 - 7 ) I Mf,j®T> ftT ~ @f,T,J@*f t T,J = K f,T,jK* f T J , 

where O/tj is the constrained characteristic function of /, T and J, and Kf,r,j is the corresponding 
constrained Poisson kernel. 

Now, we introduce the Hilbert space 

K := (TV/,./ © D/,t) © &e f , T ,ANj,j®Vf, T *) 
and define the operator $ : A//,j ® — >• K by setting 

(4.8) $x := Qf, T ,jx® A @ftT<J x, x G A/),./ <g> 2>/,t*. 
It is easy to see that $ is an isometry and 

(4.9) $*(y©0) = e} !TV y, y G 7V},j © P,, T . 

Hence, letting Ph be the orthogonal projection of K onto the subspace H, we have 

\\y\\ 2 = \\Pn(y © 0)|| 2 + !$$*(!, © 0)|| = \\P H (y © 0)|| 2 + ||e} iTjj2/ || 2 

for any y G A//,j ® P/,t- Note also that relation (I4.7[) implies 

II^;,t,j2/II 2 + I|0},t„/2/II 2 = II2/II 2 , y g A/},j © P/, T . 

Consequently, we deduce that 

(4-10) \\K f ,T tJ y\\ = \\Pa{y ©0)11. 3/6^®%. 

Now, we prove that Kf t T,j is a one-to-one operator. Indeed, due to Proposition 14.11 for any /i GH, we 
have 

pr,,T>|| 2 = M 2 - iim II[/( T )]>I! 2 - 

Consequently, if K f)T ,jh = 0, then ||ft|| 2 = Km H0O £ qS f„, w= , || [/(T)]^|| 2 . Since [/i(T), . . . , /„(T)] 
is a row contraction, the latter relation implies ||/i|| 2 = X)qgf„ |a|=g II [/(-^la^ll 2 f° r an y 9 e N. Since 
T G By nc ('H), we deduce that h = 0, which proves that Kf t T t j is a one-to-one operator and, therefore, 
the range of ATJ T j is dense in %. 
Next, we show that 

(4.11) H = {P H (y © 0) : y G A/},j © P/.t} - • 

Let x G H and assume that a; © -Ph(2/ © 0) for any y G Aff.j © Df.T- Using the definition of H and 
the fact that K is the closed span of all the vectors y © for y G Aff.j © £>t and Q,j : tx © Ae, T ,x for 
x G A//.j © 2?/,t* , we deduce that x — 0. Therefore, relation f|4. 1 1[) holds. 

Note that, due to relation (|4.10l) and (I4.1ip . there is a unique unitary operator r : % — > H such that 

(4.12) r(^ TiJ y) = P H (y©0), V&Mf,j®V f p. 
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Using relations (|4.7j) and (|4.9[) . and the fact that $ is an isometry defined by (|4.8|) . we have 
I'x , r. , ; , ./// = Pv^sB^i^fe © 0) = y - PM f J ® Vf T §®*{y © 0) 

= y - (->/./../(->;./../.'/ = Kf,T,jKj TJ y 

for any y G A//,,/ ® f Hence, and using the fact that the range of K'j T j is dense in H, we obtain 
relation 

(4-13) Pu } ,j®v fiT T = K f ^j. 

Now, we define T; : H -> H be the transform of T; under the unitary operator r : W — > H defined 
by (|4.12[) . More precisely, we set T, := TTiT* , i = 1, . . . , n. Since Kf^,j is one-to-one, relation (14. 13)) 
implies that 

Ptf ft j®T> hT |h = Kf jT ,jT* 

is a one-to-one operator acting from H to A//,j ® 2?/,t- Due to relation (|4.13p and Proposition 14. 1[ we 
obtain 

(PN f ,.,®v LT \u) T*Th = (Pv^j^P/.tIh) TT*h = K fiTiJ T*h 

= (B* ® / P/i!r ) if/,T,j^ = (£■ ® T ) {Ptf fiJ ®v f , T Ih) r/i 

for any h e H. Consequently, 



(4.14) (PsS f ,j®T> f:T \ii)TiX= (B? ®Iv t , T ) {PMf,j®-D fiT \-H)x, x G H. 

Due to the fact that the operator P^f f j®t>, t |h is one-to-one, the relation (|4.14l) uniquely determines the 
operators T| for i = 1, . . . , n. 

Now, we assume that T := (Ti, . . . ,T n ) G V^ u J e (TL). According to Proposition 14.11 the constrained 
Poisson kernel Kf t x,j '■ H — > A//,j © T^f,T is an isometry and, therefore, Kf^jKj T j is the orthogonal 
projection of A/"/,j ©X>/,t onto K^t,j^-- Relation (|4.7p implies that K^t,jK*j t j and 0/,t,jS^ t j are 
mutually orthogonal projections such that 

K f,T,jK* fTJ + 6/ iT ,./ /,T,J = I ^f..j®'D f ,T- 

This shows that 0/,t,j is a partial isometry and QJj-jO/^j is a projection. Consequently, Ae /T j is 
the projection on the orthogonal complement of the range of OJ T j. 

We remark that a vector u © Ae f T ,v G K is in H if and only if 

(u © Ae f T J v, <df,T,jx © Ae / T ji) = for any x G A//,,/ © £>/,t*, 
which is equivalent to 

(4.15) «}.,..," • , r II. 

Since OJ T jU _!_ Ag^ t 7 v, relation (|4.15l) holds if and only if Gj j. jU — and Aoj, TJ » = 0. Consequently, 
we have 

Note that -P/V},j(g>x>/,T|H is the restriction operator and relation (|4.14[) implies = Pm{Bi ®1x>, iT )|h for 
i = 1, . . . , n. 

Conversely, if 0/,t,j is is a partial isometry, relation (|4.7p implies that Kf^,j is a partial isometry. 
On the other hand, since T is c.n.c, Proposition 14. 1 1 implies 

SOT- lim [f(T)Uf(T)]* a = 0, 

|a|=fe 

which proves that T G V^ a J e (TL). This completes the proof. □ 
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We remark that, if T := (Ti, . . . , T n ) G Vj n j(H), then 0/,t,j has dense range if and only if there is no 
element h £ H, h ^ 0, such that 

lim J2 lf( T )Uf(T)]* a h = 0. 

|a|=fe 

Indeed, due to Proposition ^. 1[ the condition above is equivalent to kcr [l — KJ T /7^/,t,j) = {0}. Using 
relation (|4.7[) , we deduce that the latter equality is equivalent to 

kcrB , v ./B J v 7 = ker (7 - K s . T jK) T J ) = {0}, 
which implies that 0/,t.j has dense range. 

Proposition 4.4. Let f = (fi,---,f n ) be an n-tuple of formal power series with the model property 
and let J / H°°(M f ) be a WOT-closed two-sided ideal of H°°(M f ) such that 1 £ TV/, j. Then T := 
(Ti, . . . , T„) £ VJ l j{T~C) is unitarily equivalent to the universal n-tuple (B\ ® 7t, . . . , B n ® lie) for some 
Hilbert space K, if and only if B/,t,j = 0. 

Proof. First, we assume that T = {B\ (g> Ijc, . . . , B n ® Ik) an d prove that Kj_t.jF = F for F £ TV/, j (g) /C. 
Since 1 £ A//,,/, a straightforward calculation shows that A/^ = P/clMf j®k as an operator acting on 
A//,j ® K,. Indeed, note that 

71 

a^,t = Wjvk - M B )M B T ® ^ 

i=l 

= Pu f ,j®K (lw(f)®K ~ X] fi( M z)fi( M z)* ® 7 K ^ |^>,j®x; 

= PK.\N t -,j®K- 

Here we used the natural identification of 1 <g> /C with /C. Since TJ>/,t = using the definition of the 
constrained Poisson kernel Kf y T,j, for any T 1 = fp^kpin A//,j ®KCi 2 (/)® fC, we have 

a6F+ cteF+ 
= £ flV/.j/a ® PK{M* U ® Tc)^ = 51 ^/a ® fc Q 

= Pm SiJ ®kF = F. 

Due to relation (14.71) we have 0/,t,j = 0. Conversely, if 6/,t,j = 0, then Theorem 14.31 shows that T is 
unitarily equivalent to (Bi (gi , T , . . . , £?„ ® 7p, T ) . This completes the proof. □ 

Let $ : TV/,, / ® /Ci -> TV/,j ® /C 2 and $' : TV/,j ® /C^ ->■ TV/,j ® /C 2 be two multi-analytic operators 
with respect to Si, ... , B„, i.e., $(B, ® 7/eJ = (#i ® 7 K2 )<I> an d ® ZjcJ = (-Bj ® 7 K ^)$' for any 

i = 1, . . . , n. We say that <1> and <&' coincide if there are two unitary operators Tj £ B(K.j, /C'), j = 1, 2, 
such that 

&(l# ftJ ®n) = (7^ ®r 2 )$. 

The next result shows that the constrained characteristic function is a complete unitary invariant for 
the n-tuples of operators in the noncommutative variety Vpjifi). 

Theorem 4.5. Let f = (fi, . . . , /„) be an n-tuple of formal power series with the model property and 
let J ^ H°°(M f ) be a WOT-closed two-sided ideal of 77°°(B / ). If T := (Ti,...,T n ) £ VfjtU) and 
T' := (T{, . . . ,T^) £ Vj'j(H'), i/ien T tm<i T' are unitarily equivalent if and only if their constrained 
characteristic functions 6/,t,j andQf t T',j coincide. 
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Proof. Let W : H — >• H' be a unitary operator such that Tj = W*T(W for any i = 1, ...,n. Since 
T € C s f OT {%) or T e C r f ad (H) and similar relations hold for T', it is easy to see that 

WA fiT = A f>T 'W and (®? =1 W)A fiT . = A/, T /.(e? =1 W^). 

We introduce the unitary operators r and r' by setting 

t := W\ Vf T : V f>T -> Vf tT , and r' := (ef =1 W)| P/ T , : P/, r * £>/,t»- 

It is easy to see that 

(/jV),, ® r)0/,T,j = 8/,t',j(^v / , j ® t 7 ). 

Conversely, assume that the constrained characteristic functions of T and X" coincide, i.e., there exist 
unitary operators r : 2?/,t - ► 2?/,T' and r* : "Df,T* ~~ ^ T>f,T'* such that 

As consequences, we obtain 

A e JiT = (^v>,j ® r *)* a ©/,t',j ® r *) 

and 

(i^,, ® r.) A ej , T (A/},j®% T *) = A ejTl {M f ,j®V f .T,*). 
Now, we define the unitary operator [/ : K — »■ K' by setting 

[/ := (Ijv) ,. 7 ® r) © (Zjv^.j ® r.), 

where the Hilbert spaces K and K' were defined in Theorem 14.31 We remark that the operator 4> : 
A//,j ® 2?/,t* — > K, defined in the proof of the same theorem and the corresponding <£>' satisfy the 
relations 

(4.16) U$ {iNf.j ® r*)* = $' and (i^ ® r) P$ fij9VfiT U* = ,, 827/iT , , 

where Pj$ j®t> s t 1S ^ e orthogonal projection of K onto A//,j €5 2?/,t- Note that relation f)4. 16[) implies 

J7H = UK U$(Af ft j ® 2?/,t*) 

= K' 6 ® T.)(JV>,j ® P/.T-) 

= K' e $'(Nf,j ® 2?/,r'«) = H'. 
Consequently, the operator {/| H : H — > H' is unitary. Note also that 

(4.17) (B* ® Iv f , T ,)(I* f ,j ® r) = (J^,, ® t)(.B* ® / D/ , T ). 

Let T := (Ti, . . . T„) and T' := (T' 1; . . . TJJ be the models provided by Theorem [13] for the n-tuples T 
and T", respectively. Using the relation (|4. 14[) for T' and T, and relations (|4.16j) . f|4. 1 7[) . we obtain 

= (B* ® Iv f , T ,)(Ix f ,j ® T-)i^ /ij8D/iT a; 
= (%/., ® 7)(S* ® /•D />T )P^ ij82 , / , r x 

for any x G H and i = 1, . . . , n. Since 1 ^- D ^ ( is a one-to-one operator (see the proof of Theorem 
14. 3p . we deduce that 

(E/| H )T!=Tf (E/| H ), i = l,...,n. 
According to Theorem 14. 3[ the n-tuples T and T" are unitarily equivalent. The proof is complete. □ 
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5. Dilation theory on noncommutative varieties 

In this section, we develop a dilation theory for n-tuples of operators in the noncommutative variety 

T n )6B/(W): (go/)(Ti,...,T n ) = 0, qeV}, 

where V is a set of homogeneous noncommutative polynomials. 

Let / = {fx, . . . , f n ) be an n-tuple of formal power series with the model property and let J be a 
WOT-closed two-sided ideal of H°°{Mf). We recall that the universal model B = {Bx, . . . , B n ) for the 
noncommutative variety Vfy is defined by Bi := Pj^ f ,M Zi |a// / > f° r % = 1, • • • ,n, where 

N } ,j :=l 2 (/)9% and M f ,j := JW(fj. 

Theorem 5.1. Let f — {fx, . . . , /„) be an n-tuple of formal power series with the model property and let 
J be a WOT-closed two-sided ideal of H°°(Mf) such that 1 G Nf,j- Then the C* -algebra C*{Bx, . . . , B n ) 
is irreducible. 

If f G M)\ , then all the compact operators in B{Nj j) are contained in the operator space 

spm{B a B* p : a,f3 G ¥+}. 

Proof. To prove the first part of the theorem, let M. C 7V/ j be a nonzero subspace which is jointly 
reducing for Si, ... , B n , and let y — J2 a ew + a afa be a nonzero power series in A4. Then there is j3 G F+ 
such that ^ 0. Since / = {fx, . . . , f n ) is an n-tuple of formal power series with the model property, 
we have M fi = f t {M z ), where M z := (M Zt M Z J is either in the convergence set C| or (H 2 (/)) or 
C™ d (H 2 (/)). Consequently, since 1 £ Aff,j, we obtain 

h = Pc f "'if(my = (ix,,, -Y,MB)MB)*^ [f(B)]; y , 

where B = {Bx, . . . , B n ). Taking into account that M is reducing for B\, . . . , B n and ap ^ 0, we deduce 
that 1 € M. Using again that is invariant under Bx, . . . , B n , we obtain Pj\f^ j^\Zx, . . . , Z n ] C J\A. 
Since C[Z 1 , . . . , Z n ] is dense in H 2 (/), we conclude that M = jV/,j, which shows that C*{B\, . . . , B n ) is 
irreducible. 

Now, we prove the second part of the theorem. Since Aff,j is an invariant subspace under each operator 
M%. , i = 1, . . . , n, and {M Zl , . . . , Mz n ) is in the set of norm-convergence (or radial norm-convergence) for 
the n-tuple /, the operator fi{B) is in sp&n{B a Bp : a,j3 € F+}. Taking into account that / = {fx, ■ ■ ■ , f n ) 
is an n-tuple of formal power series with the model property, we have Mf i = fi{M Zl , . . . , M Zn ). On the 
other hand, since 1 G A//,j the orthogonal projection of Af/,j onto the constant power series satisfies the 
equation 

n 

i=i 

Therefore, P^ f - J is also in sp&n{B a B* : a, (3 G F+}. Let q{B) := T,\ a \< m a M( B )]a and let £ : = 

E/3GF+ h &U e Note 

^• J q{B)*( = P c a a M}J= ]T a Q 6 Q 

|a|<77i |a|<m 
\ | ot I < m / 

Consequently, if r(B) := E| 7 |<p CrLfO 8 )]^ then 

(5.1) r{B)P c q{BYi = <£, g(B)l) r{B)l, 

which shows that r{B)P^f f ' J q{B)* is a rank one operator acting on Aff,j. Since the set of all vectors of 
the form J2\ a \<m a a[f{B)] a l, where m G N, a a G C, is dense in A//,,/, and using relation (|5.ip . we deduce 
that all compact operators in B{Aff t j) are in span{ B a Bl : a,/3 G F+}. This completes the proof. □ 
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Proposition 5.2. Under the hypotheses of Theorem \5.1[ if H, K, are Hilbert spaces, then the n-tuples 
(B\®Iu, • • • , B n <SiI-u) and (B\ SSijcj • • • , B n ®Iic)are unitarily equivalent if and only if their multiplicities 
are equal, i.e., dim'% = dim/C. 

Proof. Let U : A//,j <8> % — > Nf,j ® /C be a unitary operator such that U(Bi ® I u ) = {Bi ® Ik)U for 
i = 1, . . . , n. Since U is unitary , we deduce that U (B* <g) 7^) = (B* (g) Ijc)U, i = 1, . . . , n. Since, according 
to Theorem 13.11 the C*-algebra C*(B\, . . . , £>„) is irreducible, we infer that {/ = Itf.j ® W for some 
unitary operator W G B(H,IC). Therefore, dim'H = dim/C. The converse is clear. □ 

Theorem 5.3. Let f = (/i, . . . , /„) be an n-tuple of formal power series with the radial approximation 
property, let V C C[Zi, . . . , Z n ] be a set of homogeneous polynomials, and let B = (B%, . . . , B n ) be the 
universal model associated with f and the WOT-closed two-sided ideal J-pof generated by q(f(Mz)), 
q G V , in the Hardy algebra H°°(Mf). If the n-tuple T — (T\, . . . ,T n ) G Mf(H) has the property that 

(«o/)(T)=0, qev, 

then the linear map ^ f^.v ■ span{B a Bp : a,/3 G F+} — > B(Ti) defined by 

$ m v{B a B ) := T a T£, a,[3e F+, 

is completely contractive. 

Proof. Let g = (gi, . . . , g n ) be the inverse of / = (/i, ...,/„) with respect to the composition, and 
assume that gi := ^2 a£¥ + al'' ] Z a , i = 1, . . . ,n. Since / has the model property, the left multiplication 
M Zi : H 2 (/) H 2 (/) defined by 

Mzrf := Znl>, i> G H 2 (/), 

is a bounded left multiplier of FJ 2 (/) and Mz i = U~ 1 (fi(Si, . . . , S n )U , where <fi(Si, . . . , S n ) is in the 
noncommutative Hardy algebra F£° and has the Fourier representation J2a&r + S a , and U : H 2 (/) — > 
F 2 (H n ) is the unitary operator defined by U(f a ) := e a , a G F+. 

Since / has the radial approximation property, there is 5 G (0, 1) such that rf := (rfi, . . . ,rf n ) has 
the model property for any r G (S, 1]. We remark the the Hilbert space H 2 (r/) is in fact H 2 (/) with the 

inner product defined by {f a ,ff}) w[rf) ■= r M+w 8 a p, a,/3 G F+. Denote {gi) 1/r := T, ae t+ a ° '7^ Z a 
and note that Zi = (gi)i/ r ° (rf) for i = 1, . . . ,n. Since rf has the model property for r G (<5, 1], we 
deduce that the multiplication : H 2 (r/) -» H 2 (r/) defined by 

M^V := Zal>, V G H 2 (r/), 

is a bounded left multiplier of H 2 (r/) and M^} = [U^)~ Vi(£ 5i, . . . , ^ n )f7 (r ), where ^(^i, . . . , 

is in the noncommutative Hardy algebra i 7 ^ and has the Fourier representation X)qgf+ 7tW a «^ c " an< ^ 

E/ w : H 2 (rf) -> F 2 (# n ) is the unitary operator defined by U {r) {f a ) := -^e a , a G F+. 

For each r G [5, 1] , let Jvorf be the WOT-closed two-sided ideal of H°° (B r /) generated by the operators 
q(rf(M z r) )), q eV. We introduce the subspace N r f,j Vorf ■= EI 2 (r/) 9 M r f,j VoTf , where M r f,j Vorf = 
Jpor/EI 2 (r/), and the operators := PN rft j Va f MziWrf.j Vo > * = We denote by J-p the 

WOT-closed two-sided ideal of generated by the operators q(Si, . . . , S'n), g G V. We also introduce 
the subspace Afj v = F 2 (H n ) Mj v , where Mj v := JF 2 (H n ). 

Our next step is to show that tp = ^2 a€¥ + c a e a is in Mj v if and only (i7 (r ') _1 -0 = X) a eF+ c a r '"'/a i s 
in A/ r r / i j Por/ ■ First, note that 

Jvorf ^ Jvorf := {x(r/(M z )) : x G J P }. 

Due to the definition of TVp, one can see that y G A/p if and only if (■)/>, x(»5i) • • • > , 5'™)l)F 2 (_ff 7l ) = ^ for any 
x(Si, • ■ • , 5 n ) = X) Q gF + a aS a G Jp, which is equivalent to X) a eF+ c a^« = 0. On the other hand, note 
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that S Q eF+ c a r ' at '/o! is in N r f t j Vort if and only if 

( E c tt rl Q l/ Q , X (r/(A/ z ))l\ =0, X 6 Jv- 

W+ / H 2 (r/) 

Since / has the model property, Mf i — fi{Mz) and, consequently, the relation above is equivalent to 
SaeF+ c a^-a = for any X)qgf+ a «'5'a G which proves our assertion. Now, it is easy to see that 

U (r) (M rf ,j Vorf ) = M Jv and (Af rf ,j Torf ) = 

Since = (?7 (r) )-Vi(f ^i, . . ., lS n )U( r \ i=l,...,n,we deduce that 



for/ 



where f/^k,,/ 7p f : N r f,j Torf — > Mj v is a unitary operator for each r G (5, 1]. 

Now, we assume that T — (T%, . . . , T„) G B/(H) has the property that (qy o /)(T) = for j = 1, . . . , d, 
and < r < 1. Since the H°°(Mf) functional calculus for the n-tuples of operators in Bj™ c (H) is a 
homomorphism and q G V is a homogenous polynomials, we have 

(5.2) . . . , S n ))(r/i(T), . . . ,r/„(T)) = r dc ^VWi(T), . . . ,rf n {T))q{h{T), f n {T)) = 

for any G F,^ and q E V, where deg (q) denotes the degree of the polynomial q. On the other 
hand, Jvorf is the WOT-closed two-sided ideal of H°°(M r f) generated by the operators q(rf(Mz)), 
q G V, for each r G (S, 1]. Since the iJ°°(B r /)-functional calculus for pure n-tuples in M r f(H) is WOT- 
continuous, and (7\, , . . ,T n ) G B^ re ('H), relation (|5.2[) implies ip(T\, . , . , T n ) = for any i/j G Jvorf 
and r G (S,l). Therefore, (Ti,...,T n ) is in the noncommutative variety Vf/j^ Applying 
Corollary 14.21 to the n-tuple (Ti, . . . , T n ), we deduce that there is completely contractive linear map 
$ : span|si r) ^ r) * : a,/3 G F+j -> P(H) uniquely defined by $ (b^B^*^ := T a T* for all a,p G F+. 

Hence, and using the fact that the n-tuple (B[ P« ) is unitarily equivalent to 



and Afjj, is invariant under S^, . . . , S 1 *, we obtain 



a a/3 J " J ,3 

|a|,|/3|<m 



A' x A^ 



< 



< 



V a {l]) B {r) B {r) * 



\a\,\P\<m 



kxk 



\a\,\P\<m 



A; X A; 



for any m, fc G N, a^g G C, and i,j G {l,...,fc}. Since / = (fi, ■ ■ • , fn) has the radial property, 
(fi,...,ip n are free holomorphic functions on a ball [P(%) n ] 7 with 7 > 1. Consequently, the map 
(S, 1] 3 r i- > ipi (-Si, . . . , -(S„) G B(F 2 (H n )) is continuous in the operator norm topology. Passing to the 
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limit as r — > 1 in the inequality above, we obtain 
(5.3) 



E a Jp T a T l3 
\ot\,\P\<m 











< 




- kxk 







E a a0 P -Vj v ''Pot (Si, ■ ■ . , S n ) if/3 (S%, . . . , S 
\a\,\fi\<m 

Hence, using the fact (proved above) that 
for each i = 1, . . . , n, we obtain 



Ax A 



E a< $ T °>n 

\a\,\0\<m 



kxk 



< 



E a Ww 

|o|,|j8|<m 



AxA: 



which completes the proof. 



□ 



Let C*(y) be the C*-algebra generated by a set of operators y C B(JC) and the identity. A subspace 
H C JC is called *-cyclic for y if 

K = spm.{Xh : XeC*(S), hen}. 

Theorem 5.4. Let f = (/i,...,/n) be an n-tuple of power series in the set M ra d H .M", let V C 
C[Zi,...,Z n ] be a set of homogeneous polynomials, and let B — (Bi, . . . ,B n ) be the universal model 
associated with f and the WOT-closed two-sided ideal J-pof in H CX3 (Mf). IfHisa separable Hilbert space 
and T = (Ti, . . . , T„) € Mf(7i) has the property that 

(«o/)(T)=0, ?6P, 

i/ien i/iere exists a separable Hilbert space K,^ and a * -representation tt : C*(Bi, . . . , i?„) — > _B(/C,r) which 
annihilates the compact operators and 

n 

E ■ ■ • ,7r(B„))/ i (7r(B 1 ), . . . ,7r(B n ))* = J*., 



i=l 



such that 



(i) H can be identified with a *-cyclic co-invariant subspace of K, := (Nf,j Vof ® Af^'H) under 
the operators 

'Bi <gi J A — 



L Af T H 

7r(Bj 



i= l,...,n; 



F := 

(ii) t* = V7|ft, * = l,...,n. 
(hi) V := (Fx, . . . , V n ) E B/(/C) and 

(qo/)(V0 = 0, 

Proof. Applying Arveson extension theorem to the map ^ f,T,v of Theorem 15.31 we obtain a unital 
completely positive linear map Tf t T,v ■ C*(B\, . . . , B n ) — > B(H) such that r f,T,v(B a Bp) :— T a T^ for 
a,/3 G F+. Consider tt : C*(Bi, . . . , B n ) — > B(K,) to be a minimal Stinespring dilation of Ff t T,T>> i- e -j 

T f ^ v (X) = P n n(X)\ H , X e C*(B u ...,B n ), 
and /C = spaH{7r(X)/i : X G C*(Bi, . . . , B n ), n G "H}. It is easy to see that, for each i = 1, . . . , n, 
T fiTiV (B t B*) = P n w(Bi)jt(Bt)\ n 

= P- H n(B i )(P- H + P n ±)n(B*)\ H 

= Tf^BiB*) + (P n n(B t )\ n ^(P n ^(B*)\ n ). 
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Consequently, we have Pun(Bi)\- H ± — and 

T fiTiV (B a X) = P H (K{B a )n(X))\ H 

(5.4) = (P H Tr{B a )\ H )(P H w{X)\ n ) 

— Tf y T,v(B a )^f,T,v(^) 

for any X £ C*(B\, . . . ,B n ) and a £ F+. Note that the Hilbert space K. is separable, since H has the 
same property. Relation Pfiw(Bi)\- H ± = shows that H is an invariant subspace under each jr(Bi)*, 
i = 1, . . . , n. Therefore, 

(5.5) 7r(B i )*\ n =T f ^ v (Bf)=T*, i = l,...,n. 

Taking into account that the subspace A// ; j Vof contains the constants, we use Theorem l5.1l to conclude 
that all the compact operators in B(Aff y j Tof ) are contained in C*(Bi, . . . , B n ). We remark that one can 
obtain a version of Theorem l3.2l in our new setting, in a similar manner. Consequently, the representation 
tt decomposes into a direct sum tt = ir © tt on K, = ICq © K.^, where tt , tt are disjoint representations of 
C*(Bi, . . . , B n ) on the Hilbert spaces ICq and JC n , respectively, such that 

(5.6) K ~N } ,j Vof ®G, tt (X)=X®I q , X eC*(B 1 ,...,B n ), 

for some Hilbert space Q, and 7r is a representation which annihilates the compact operators. Since 
P c f "' v ° f = Ijy j — fi(B)fi(B)* is a rank one projection in the C*-algebra C*(Bi, . . . , B n ), we have 

i—l 

£ f i (w(B 1 ),...,w(B n ))f i (w(B 1 ),...,w(B n ))* = I K „ and dim£ = dim(range Tr^'^ )). Using the 

minimality of the Stinespring representation tt, the proof of Theorem l5.11 and the fact that P c ' J ' p ° s B a = 
if \a\ > 1, we deduce that 

range ^(P^ /,Jpo/ ) = spm{n(p£ f,Jl '° f )n(X)h : X £ C*(B U . . . , B n ), h £ H} 

= span{7r(F c f "' Vof )n(Y)h : Y is compact in B{Mf t j Vof ) 1 h £ TL} 

= msMPc f ' Jvof )*( B c* p c f ' J ' PofB }) h : a,(3 e¥+,heH} 
= span{^(P^' / ' Jf "" )n(Bf)h : /3 £ F+, h £ H}. 
Now, due to relation (|5.4|) . we have 

[n(Pc f ^° f MB* a )h, n(Pc LJv ° f )*(B})k) = (h, 7r(B a )n(P^-'^ )ir(B$h) 

= (h,T a (in - £ /i(T)/,(T)^ T$h\ 
= (A f , T T*h,A ftT T$k) 



for any h,k £ % and a, j3 £ F+. Consequently, the map A : range tt(P c Vof ) — > Af^H defined by 

A(n(p" LJ ^)HB* a )h) := A /jT T Q *, h £ H, 
can be extended by linearity and continuity to a unitary operator. Hence, 



dim[range7r(P c ' )] = dimA/^H — dimQ. 



Under the appropriate identification of Q with Af^H and using relations (|5 .5[) and (|5.6I) . we obtain the 
required dilation. 

To prove item (iii), note that since Bi := Pjj f Jp ^ Mz t W f ,, v ,i = 1, ■ ■ - ,n, we have (qof)(B±, . . . , B„) = 
0, q £ V. Taking into account that q £ V is a polynomial and / £ .M", the latter equality implies 
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(q o /)(tt(Bi), . . . , ?r(B n )) = 0. Therefore, (q o /)(Vi, . . . , F„) = for q G P. On the other hand, since 
E?=i ■ • ■ ,-B„)/<(Bi, . . . ,-Bjj)* < / and / G Mil, we also have 

n 

£ /i(7T(fll), . . .,7T(B n ))f i (7T(B 1 ), . . . ,7T(B n ))* < I, 
i=l 

which proves that (7r(Si), . . . , %{B n )) G B/fX^). Consequently, (Vi,...,^) G B/(/C). This completes 
the proof. □ 

We remark that if, in addition to the hypotheses of Theorem l5.4[ 

span{B Q ^: a, /3 G F+} = C* (B u . . . , B n ), 
then the map T f y T,v is unique and the dilation is minimal, i.e., /C = V VaJi. In this case, the minimal 

ct£F+ 

dilation of Theorem 15.41 is unique, due to the uniqueness of the minimal Stinespring representation. 



Corollary 5.5. Let V := (Vi, . . . , V n ) be the dilation of Theorem \5.J\ Then, 

(i) V is a pure n-tuple if and only if T is pure; 

(ii) h{V)h(V)* + ■■■ + f„(V)f n (V)* =1 if and only if 



h{T)h{Ty + ■■■ + f n (T)f n (T)* = I 



Proof. Note that 



J2if( T )Uf(T)r a = Pu 

\a\=k 



E [f(B)] a [f(B)]* a 

a\=k 

Jit, 



and, consequently, 



SOT- lim ]T [f(T)] a [f(T)]* a = P-h 



\ a \=k 





Jjc„ 



H ■ 



Hence, we deduce that T is a pure n-tuple if and only if % L (0 © IC^), i.e., H C A/"/,j Po/ Cg> Af^'H- 
Taking into account that J\ff,j Vof <8> Af^H is reducing for each operator Vi, i = 1, ...,n, and /C is 
the smallest reducing subspace for the same operators, which contains "H, we draw the conclusion that 



= A//,./p 0/ <g> A T U. To prove item (ii), assume that fi( v )fi( v T = i k- Since 



M=fc 



E [/(£)U/(£)]a®%^ o 

|a|=fc 

J,c„ 



we must have J] [f (B)] a [f (B))* a <g> I A n = Ik for any k = 1,2, . . .. Since 



|a|=& 



SOT- lim £ = 0, 



we deduce that /Co = {0}. Now, using the proof of Theorem 15. 4[ we concluded that Q = {0} and, 
therefore, A/,t = 0. The converse is straightforward. The proof is complete. □ 
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6. BEURLING TYPE THEOREM AND COMMUTANT LIFTING IN NONCOMMUTATIVE VARIETIES 

In this section, we provide a Beurling type theorem characterizing the invariant subspaces under the 
universal n-tuple associated with a noncommutative variety V^ u J e (T-l), and a commutant lifting theorem 
for n-tuples of operators in Vj^ re (%). 

Theorem 6.1. Let f = ••,/«) be an n-tuple of power series with the model property. Let J ^ 
H°°(M f ) be a WOT-closed two-sided ideal of the Hardy algebra H°°(Mf) and let (B t , . . . , B n ) £ Vf^(Aff,j) 
be the corresponding universal model. A subspace M C Aff j <8> IC is invariant under each operator 
B\ ®I/c, ■ ■ • j B n (E)L/c if and only if there exists a Hilbert space Q and an operator : Nf\j®Q — > Mf } j®JC 
with the following properties: 

(i) O is a partial isometry and 

®{B i ®I g ) = {B i ®I K )Q, i = l,...,n. 

(ii) M = Q{Af f ,j®Q). 

Proof. First, note that the subspace Aff,j ® K is invariant under each operator M%. ® I/c, i = 1, . . . , n, 
and 

(M|. ® Ik)W s ,j®k =B*®I k , i = l,...,n. 

Since the subspace [J\ff,j ® K] Q A4 is invariant under B* ® Ijci i = 1, . . . , n, it is also invariant under 
each operator M%. ® I/c ■ Consequently, the subspace 

(6.1) £:= [n 2 {f)®K]Q{[M f j®JC\eM} = [M f ,j®tC]®M 

is invariant under Mz t ® Ik, i — l,.-.,n, where M.f,j := H 2 (/) A//,j. Using the Beurling type 
characterization of the invariant subspaces under Mz 1 , ■ ■ ■ , Mz n (see Theorem 5.2 from [27]), we find a 
Hilbert space Q and an isometric operator * : B. 2 (f)®Q ->• H 2 (/)(g)/C such that t(M Zj <8>Jg) = (Mz 4 <g)/ K ) 
for i = 1, . . . , n and 

e = ^[u 2 (f)®g]. 

Since ^ is an isometry, we have P £ — T"^* , where P £ is the orthogonal projection of H 2 (/) ® fC onto £ . 
Note that the subspace Aff,j ® /C is invariant under \]/*. Setting := P/y j^k^Ia/V j®e> we have 

PfSf,j®KP£W ft j®K — ©©*• 

Hence, and using relation (I6.1[) . we deduce that = 00*, where Pm is the orthogonal projection of 
Aff,j <8> /C onto 7W. Therefore is a partial isometry and .M = [A//,,/ (8 Q]. The proof is complete. □ 

We recall that, due to Theorem 14.31 any n-tuple (Ti, . . . , T n ) in the noncommutative variety Vj , ^ re ('H) 
is unitarily equivalent to the compression of [B\ ® 1% , . . . , B n ® I/c] to a co- invariant subspace £ under 
each operator Bi ® I/c, i — 1, . . . , n. Therefore, we have 

T, = P £ (B l ®I K )\ £ , i = l,...,n. 

The following result is a commutant lifting theorem for n-tuples of operators in the noncommutative 
variety V p f u J e (H). 

Theorem 6.2. Let f = (A, •••,/«) be an n-tuple of power series with the model property. Let J ^ 
H°°(Mf) be a WOT-closed two-sided ideal of the Hardy algebra H°°(Mf) and let (Bi,...,B n ) and be 
the corresponding universal model acting on Nf,j- For each j = 1,2, let ICj be a Hilbert space and 
£j Q Aff,J ® fcj be a co-invariant subspace under each operator B\ ® Ik, ■ ■ ■ , B n ® Ik- If X : £\ — > £ 2 is 
a bounded operator such that 

X[P £l (B t ® I Kl )\ £l ] = [P £2 (B t ®I K2 )]\ £2 X, i — 1 , . . . , n, 

then there exists an operator G : A//,j ® K,\ — > Aff,j ® K-2 with the following properties: 

(i) G(B t ®I Kl ) = (Bi ® Ik 2 )G for i = 1, . . . , n; 

(ii) G*£ 2 C £ x , G*\£ 2 = X* , and \\G\\ = \\X\\. 
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Proof. Note that the subspace A//,j ® /Cj is invariant under each operator M|. <g> 7c. , i = 1, . . . , n, and 

(M|. ® Jjc, ) l^jgjcj =B*®I Kv % = 1, ■ • • , n. 
Since £j C A//,j <8 /Cj is invariant under B* ® Jxv it is also invariant under M|. ® Jx^ and 

® 2^ = ® IfCj)\sj> i = 1, • • ■ , n. 
Consequently, the intertwining relation in the hypothesis implies 

XP £l {M Zz ®I Kl )\ £l =P £2 (M Zi ®I K2 )\s 2 X, i = l,...,n. 
We remark that, for each j = 1,2, the n-tuple (M Zl <g> Ik* , ■ ■ ■ , M Z „ ® ijCj ) is a dilation of the n-tuple 

[P £] {M Zl ® I Kj )\ £j ,..., P £] {M Zn ® I Kj ) | £j ] . 

Applying Theorem 9.1 from [27], we find an operator $ : H 2 (/) ® /Ci — >• H 2 (/) ® /C 2 with the following 
properties: 

(i) $(M Zi ® I Kl ) = (M Zi ® I K2 )$ for i = 1, . . . , n; 

(ii) $*£ 2 C $*|£ 2 = X\ and ||$|| = \\X\\. 

Set G := P/v, j®K^Wj®Ki- Since ^(A//,,/®^) C A//,./®/Ci, the subspace A//, j €5 /Cj is invariant under 
each operator Mj^ ® Jjcj > • • • i M% ® ijc^ , and £j C A/},,/ ® /Cj, the relations above imply G(Bi (g> i^A = 
(B t (g)I K2 )G for i = l,...,n, G*£ 2 C £ x , and G*|g 2 = A*. Hence, we deduce that ||A|| < ||G|| < ||$|| = 
||A||. Therefore, ||G|| = ||A||. The proof is complete. □ 

The commutative case. Let / = (fx, ... , f n ) be an n-tuple of power series with the model property. 
Let J c be the VFOT-closed two-sided ideal of the Hardy algebra H°°(Mf) generated by the commutators 

M z Mx - M/. My. , i,j = l,...,n. 

According to [27], the subspace A//,j c coincides with the symmetric Hardy space associated with Mf, 
H 2 (f), which can be identified with the Hilbcrt space H 2 (M^ (C)) of holomorphic functions on B5(C), 
namely, the reproducing kernel Hilbert space with reproducing kernel Kf : B5(C) x B5(C) — > C defined 

by 

KfO*, ^ := 1 — , A, „ € B< (C). 

1 - Ei=i MWMA) 

We recall that 

n 

B<(C):={A = (A 1 ,...,A„)eC": A = g(f{X)) and £ |/ t (A)| 2 < 1} = 5 (B„), 

i=l 

where B„ := {(zi, . . . , z n ) £ C" : E™=i l z «| 2 < 1} and 5 = (51, . . . , <? n ) is the inverse of / with respect 
to the composition. The algebra PH 2 (/)-ff°°(®/)|H 2 (/) coincides with the WOT-closed algebra generated 
by the operators Li := P^2^M Zi |h 2 (/)j * = 1, and can be identified with the algebra of all 

multipliers of the Hilbert space H 2 (M^(C)). Under this identification, the operators L\, . . . ,L n become 
the multiplication operators M Zl , . . . , M Zn by the coordinate functions z\, . . . ,z n . 

Under the above-mentioned identifications, if T := (T±, . . . ,T n ) g Mf(H) is such that 

T^Tj TjTi, i, j 1, . . . , n, 

then the characteristic function of T is the multiplier M Q/ Jc-T : H 2 (B^(C)) ®"D/, T « -> H 2 (B^ (C)) 
defined by the operator-valued analytic function 

Qf,j c , T (z) ■■= -f(T) + A f , T ^1 -J2fi(z)fi(T)*\ [h(z)I H ,...,f n (z)I H }A f , T *, z 6B<(C). 
We remark that all the results of the last three sections can be written in this commutative setting. 
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